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Chapter 0O

COURSE INFORMATION &
SYLLABUS

0.1 Course Information
e Prerequisite: Stat 420

e Required Texts

— Berry, D. A. & Lindgren, B. W. (1996). Statistics: Theory and Methods,
274 edition. Belmont CA: Wadsworth Publishing Co.

— Lecture Notes

e Instructor

— Robert J. Boik, 2-260 Wilson, 994-5339, rjboik@math.montana.edu.
— Office Hours: Monday & Wednesday 11:00-11:50 & 2:10-3:00; Friday
11:00-11:50.

e Holidays: Monday Jan 20, MLK Day; Monday Feb 17 (Presidents Day);
March 10-14 (Spring Break); Apr 18 (University Day)

e Drop dates: Wednesday Feb 5 is the last day to drop without a W grade;
Friday April 25 is the last day to drop.

e Grading: 600 Points Total; Grade cutoffs (percentages) — 90, 80, 70, 60; All
exams are closed book. Tables and equations will be provided.
— Homework: 200 points
— Exam-1, Wed Feb 19, 6:10-7: 100 points, Wilson 1-139
— Exam-2, Monday March 31, 6:10-?: 100 points, Wilson 1-141
— Comprehensive Final, Monday, May 5, 8:00-9:50 AM: 200 points
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e Homepage: http://www.math.montana.edu/~rjboik/classes/424 /stat.424.html
Homework assignments and revised lecture notes will be posted on the Stat
424 home page.

0.2 Syllabus

1. Continuous Random Variables: Remainder of Chapter 5

2. Families of Continuous Distributions: Chapter 6

3. Data: Chapter 7

4. Samples, Statistics, and Sampling Distributions: Chapter 8
5. Estimation: Chapter 9

6. Significance Testing: Chapter 10

7. Tests as Decision Rules: Chapter 11

0.3 Study Suggestions

1. How to do poorly in Stat 424.

a) Come to class.

(
(b

)
) Do home work.
(¢c) When home work is returned, pay most attention to your score.
)
)

(d) Skim the text to see if it matches the lecture.

(e) Read notes to prepare for exams.

Except for item (c), there is nothing in the above list that hurts performance
in 424. On the contrary, if you do not come to class etc, then you will likely do
worse. The problem with the above list is that the suggestions are not active
enough. The way to learn probability and mathematical statistics is to do
probability and mathematical statistics. Watching me do a problem or a proof
helps, but it is not enough. You must do the problem or proof yourself.

2. How to do well in Stat 424.

(a) In class
e Make a note of all new terms.
e Make a note of new results or theorems.
e Make a note of which results or theorems were proven.
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e For each proof, make a note of the main steps, especially of how the
proof begins.

(b) Re-write notes at home

e Organize ideas and carefuly define all new terms. Use the text and
the bound lecture notes for help.

e Write-up each proof, filling in details. Use the text and the bound
lecture notes for help.

e Review weak areas. For example, a proof may use certain
mathematical tools and/or background material in probability and
statistics. If your knowledge of the tools and/or background is weak,
then review the material. Summarize your review in your notes. Use
the text and the bound lecture notes for help.

(c) Prepare for exams.

e Practice—re-work homework problems from scratch. Be careful to
not make the same mistakes as were made on the original home
work. Learn from the mistakes on the graded home work.

e Practice—take the practice exam with notes, text, and bound lecture
notes as aids.

e Practice—re-take the practice exam without notes, text, and bound
lecture notes as aids.

e Practice—re-work proofs without notes, text, and bound lecture
notes as aids.

0.4 Types of Proofs

1. Proof by Construction: To prove the claim “If A then B.” start by assuming

that A is true. Ask yourself what are the sufficient conditions for B to be true.
Show that if A is true, then one or more of the sufficient conditions for B are
true. A proof by construction essentially constructs B from A.

. Proof by Contradiction: To prove the claim “If A then B.” start by assuming

that A is true and that B is false. Work forward from both of these
assumptions and show that they imply a statement that obviously is false. For
example, if A is true and B is false, then Var(X) < 0. This false statement
contradicts the possibility that A can be true and B can be false. Therefore, if
A is true, B also must be true.

. Proof by Contrapositive: This is similar to the proof by contradiction. To

prove the claim “If A then B.” start by assuming that A is true and that B is
false. Work forward only from the assumption that B is false and show that it
implies that A also must be false. This contradicts the assumptions that A is
true and B is false. Therefore, if A is true, B also must be true.
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4. Proof by Induction: To prove the claim that “If A then By, Bs, B3, ..., By all
are true,” start by proving the claim “If A then B;. Any of the above types of
proof may be used to prove this claim. Then prove the claim “If A and B;
then Byyq. The proofs of the two claims imply, by induction, that A implies
that By, Bs, ..., By all are true.




Chapter 5

CONTINUOUS RANDOM
VARIABLES

5.1 Cumulative Distribution Function (CDF)

1. Definition: Let X be a random variable. Then the cdf of X is denoted by
Fx(x) and defined by
Fx(z) = P(X < x).

If X is the only random variable under consideration, then Fx(z) can be
written as F'(z).

2. Example: Discrete Distribution. Suppose that X ~ Bin(3,0.5). Then F(x) is
a step function and can be written as

;

0 z€(—00,0);
s ©el0,1);
Flx)=q35 z€ll,2);
I orel23);
1 x€3,00)

\

3. Example: Continuous Distribution. Consider modeling the probability of
vehicle accidents on 1-94 in the Gallatin Valley by a Poisson process with rate
A per year. Let T be the time until the first accident. Then

P(T <t) = P(at least one accident in time t)
e M\ Y
0! '

=1 — P(no accidents in time t) =1 —

Therefore,
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4. Example: Uniform Distribution. Suppose that X is a random variable with

support S = [a, b], where b > a. Further, suppose that the probability that X
falls in an interval in § is proportional to the length of the interval. That is,

Pz < X <x9) = AMag —27) for a < a1 <9 < b. To solve for A\, let 21 = a

and z9 = b. then

P(a§X§b)=1=A(b—a)z>>\:bia.
Accordingly, the cdf is
0 r < a;
Fz)=P(X <2)=Pla< X <z)= ‘;:Z v € [a, b];
1 x > b.

In this case, X is said to have a uniform distribution: X ~ Unif(a, b).

. Properties of a cdf

(a) F(—o0) =0 and F(c0) = 1. Your text tries (without success) to motivate
this result by using equation 1 on page 157. Ignore the discussion on the
bottom of page 160 and the top of page 161.

(b) F' is non-decreasing; i.e., F'(a) < F(b) whenever a < b.
(¢) F(z) is right continuous. That is, lim._o+ F'(z + €) = F(x).

. Let X be a rv with cdf F(x).

(a) If b > a, then P(a < X <b) = F(b) — F(a).
(b) For any z, P(X =) = lim P(x —e < X <x) = F(x) — F(x—), where

e—0t+
F(z—) is F evaluated as = — € and € is an infinitesimally small positive

number. If the cdf of X is continuous from the left, then F(z—) = F(z)
and P(X = x) = 0. If the cdf of X has a jump at z, then F(z) — F(x—)
is the size of the jump.

(c) Example: Problem 5-8.

. Definition of Continuous Distribution: The distribution of the rv X is said to

be continuous if the cdf is continuous at each x and the cdf is differentiable
(except, possibly, at a countable number of points).

. Monotonic transformations of a continuous rv: Let X be a continuous rv with

cdf Fx(l’)

(a) Suppose that g(X) is a continuous one-to-one increasing function. Then
for y in the counter-domain (range) of g, the inverse function z = g=*(y)
exists. Let Y = ¢g(X). Find the cdf of Y. Solution:

P(Y <y) = Plg(X) <y]=P(X < g '(y)] = Fxlg~'(v)].
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(b) Suppose that g(X) is a continuous one-to-one decreasing function. Then
for y in the counter-domain (range) of g, the inverse function x = g~*(y)
exists. Let Y = g(X). Find the cdf of Y. Solution:

P(Y <y)=Plg(X) <y|=P(X >g7 ' (y)] =1—Fx[g~ ()]

(c) Example: Suppose that X ~ Unif(0,1), and Y = ¢g(X) = hX + k where
h < 0. Then, X = g~(Y) = (Y — k)/h;

and

0 z<0;
Fx(z)=<¢z x€l0,1];
1 z>1,
0 y < h+k;
—(h+k
Frly) =1 Elly—0/n = { LIy ey
1 y >k,

That is, Y ~ Unif(h + k, k).

(d) Inverse CDF Transformation.

i.

ii.

Suppose that X is a continuous rv having a strictly increasing cdf
Fx(z). Recall that a strictly monotone function has an inverse.
Denote the inverse of the cdf by Fi'. That is, if Fx(x) = y, then
Fi'(y) = 2. Let Y = Fx(X). Then the distribution of Y is

Unif (0, 1).

Proof: If W ~ Unif(0, 1), then the cdf of W is Fyy(w) = w. The cdf
of YV is

Fy(y) = P(Y <y)=P(Fx(X)<y)=P[X < F¢'(y)]

If Y has support [0, 1] and Fy(y) = y, then it must be true that
Y ~ Unif(0, 1).
Let U be a rv with distribution U ~ Unif(0, 1). Suppose that Fx(x)

is a strictly increasing cdf for a continuous random variable X. Then
the cdf of the rv F'(U) is Fx/(z).

Proof:
P[Fx'(U) <z] = PIU < Fx(z)] = Fy [Fx(2)] = Fx(x)

because Fy(u) = u.
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(e) Application of inverse cdf transformation: Given Uy, Us,...,U,, a
random sample from Unif(0, 1), generate a random sample from Fx(z).
Solution: Let X; = F'(U;) fori=1,...,n.

i. Example 1: Suppose that Fix(x) =1 — e for x > 0, where A > 0.
Then X; = —In(1 — U;)/A for i = 1,...,n is a random sample from
Fx.

ii. Example 2: Suppose that

anb
Fy(x) = [1 - (%) } T (@),
where a > 0 and b > 0 are constants. Then X; = a(1 — U;)~° for
t=1,...,nis a random sample from Flx.

9. Non-monotonic transformations of a continuous rv. Let X be a continuous rv
with cdf Fx(z). Suppose that Y = g(X) is a continuous but non-monotonic
function. As in the case of monotonic functions,

Fy(y) = P(Y <y) = P[g(X) < y], but in this case each inverse solution

r = g~ !(y) must be used to find an expression for Fy(y) in terms of
Fx[g7*(y)]. For example, suppose that X ~ Unif(—1,2) and g(X) =Y = X2
Note that v = £,/y for y € [0,1] and x = +,/y for y € (1,4]. The cdf of Y is

Fr(y) = P(X?s@/):{P(_ﬂSXS@ ye 0.1}

P(X < 7) y € (1,4]
B {Fx(ﬁ)—Fx(—\/@) y €[0,1}];
B Fx(\/Y) y € (1,4]
(0 y < 0;
)23 y €10,1];
I D/B e (4]
1 y > 4;

\

Plot the function g(z) over x € Sx as an aid to finding the inverse solutions
-1
r=9"y)

5.2 Density and the Probability Element

1. Mathematical Result: Assume that F(x) is a continuous cdf. Let g(z +m) be
a differentiable function and let y = x +m. Then

d d d

%g(l’ +m) T —g(y) X —y

by the chain rule.
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2. Probability Element: Suppose that X is a continuous rv. Let Ax be a small
positive number. Define h(a,b) as

ha,b) € Pla< X <a+b) = Fy(a+b) — Fx(a).

Expand h(x, Az) = P(x < X <z + Az) in a Taylor series around Az = 0:
hz,Az) = F(x+ Azx)— F(z)

= h(z,0)+ ih(:c, Ax)

N Az + o(Ax)

Axz=0

Az + o(Ax)
Az=0

= [iF(x):| Az + o(Ax), where

dx
. o(Ax)
Alj}rilo Ax

d
= O—i-%F(:c—l—Ax)

= 0.

The function p
dF(z)=|—
0= |4

is called the differential. In the field of statistics, the differential of a cdf is
called the probability element. The probability element is an approximation to
h(x, Ax). Note that the probability element is a linear function of the
derivative L F(z).

F(x)] Az

3. Example; Suppose that

0 r < 0;
F(x):{

1 — e 3  otherwise.

Note that F(x) is a cdf. Find the probability element at x = 2 and
approximate the probability P(2 < X < 2.01). Solution: %F(m) = 3e73% 50
the probability element is 3e " *Az and

P2<X<201)~ 3e7% x 0.01 = 0.00007436. The exact probability is
F(2.01) — F(2) = 0.00007326.

4. The average density in the interval (x,z 4+ Ax) is defined as

of P X A
Average density o (z < A< Tt x)
x

5. Density: The probability density function (pdf) at x is the limit of the average
density as Az — 0:

_ dof . Plr <X <o+ Ax)
pdf = f(z) = Alglgrgo Az
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FX(LL’ + AJI) - Fx(LL’)

= lim

Az—0 Az
{iF(x)} Az + o(Ax)
_ ldz
N Ax
d
= —F(x).
1)

Note that the probability element can be written as d F'(x) = f(x)Ax.

6. Example: Suppose that A is a positive real number. If

l—e™ 2>0; d e ™ x> 0;
F(z) = then f(x) = —F(x) =
0 otherwise. dx 0 otherwise.

7. Example: If X ~ Unif(a, b), then

0 T < a; 0 T < a;
d
Plo) =2 wefol) and f() = - Pl@) = { 3 o€ o8]
1 x>b 0 x >b.

8. Properties of a pdf

) >0 for all .

/ o
9. Relationship between pdf and cdf: If X is a continuous rv with pdf f(z) and
cdf F(x), then

)

/ f(u)du and

Pla< X <b)=Pla<X<b=Pla<X <))

=Pla<X<b)=F /f

flx

10. PDF example - Cauchy distribution. Let f(z) = ¢/(1 + 2?) for —co < z < o0
and where ¢ is a constant. Note that f(z) is nonnegative and

< 1
/_OO T2 dx = arctan(x)

[e.9]

ol

_ﬂ-_
9 =T.

— o0
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Accordingly, if we let ¢ = 1/7, then

1
f(x):m

is a pdf. It is called the Cauchy pdf. The corresponding cdf is

/[ 1 _arctan(u) |
F(z) = /_OO ) +u2)du —

—00

a T +2’

1 i arctan(z) 1
= - [arctan(ac) + 5] —_—
T

PDF example - Gamma distribution: A more general waiting time
distribution: Let T be the time of arrival of the r*® event in a Poisson process
with rate parameter A. Find the pdf of T'. Solution: T" € (¢,t + At) if and only
if (a) r — 1 events occur before time ¢ and (b) one event occurs in the interval
(t,t+ At). The probability that two or more events occur in (¢, ¢+ At) is o(At)
and can be ignored. By the Poisson assumptions, outcomes (a) and (b) are
independent and the probability of outcome (b) is AAt 4 o(At). Accordingly,

—At r—1
Pt <T <t+At)~ f(t)At = % X AAt
T — .
—Atyrqyr—1
_ e At At
(r—1)!
and the pdf is
0 t < 07 —Atyryr—1
e A"t
f(t) — e—)\t)\T’tT—l t - 0 — TI[O’OO) (t)

Transformations with Single-Valued Inverses: If X is a continuous random
variable with pdf fx(z) and Y = g(X) is a single-valued differentiable
function of X, then the pdf of YV is

foy) = fx [ W) \d%g*(y)\

for y € Sy(z) (i-e., support of Y = g(X)). The term

J(y) = diyg‘l(y)

is called the Jacobian of the transformation.
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Justification 1: Suppose that Y = ¢g(X) is strictly increasing. Then
Fy(y) = Fx [g7'(y)] and

frly) = di‘lyF W) = fx [o~(»)] di;g-l(y)
= fx[g ' (v)] d%g‘l(y)‘

because the Jacobian is positive. Suppose that Y = ¢g(X) is strictly
decreasing. Then Fy(y) =1 — Fx [¢g7'(y)] and

Foly) = %[1—&@)] e [ )]
= fx[g7'(y)] diyg‘l(y)‘

d

d—yg_l(y)

because the Jacobian is negative.

Justification 2: Suppose that g(z) is strictly increasing. Recall that
Pz < X <xz+ Az) = fx(z)Az + o(Ax).
Note that
r< X <zx+4+Ar <= g(zr) < g(X) < g(x + Ax).
Accordingly,

Plx<X<zr+Azx)=Ply<Y <y+Ay) = fy(y)Ay + o(Ay)
= fx(z)Az + o(Ax)

where y + Ay = g(z + Ax). Expanding g(z + Az) around Az = 0 reveals

that

y+ Ay =g(x + Azx) = g(z) + dcgl—f)Ax + o(Ax).

Also,

y=g(x) =9 '(y) ==
dg'(y) _dx
dy  dy

dy _dg(x) _ [dg‘l(y)]_l

—

dx dx dy

= y+ Ay =g(z) + {d%;(y)]_lm

-1 -1
— Ay = {dgdy(y)} Ax
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dg‘l(y)Ay

Ar =
— AT dy

Lastly, equating fx(z)Az to fy(y)Ay reveals that

frW)Ay = fx(2)Az = fx [97'(y)] Az
= fx [97'(v)] dgTy(y)Ay
= fy(y) = fx [97'(v)] d%;(y)

The Jacobian % ;;(y) is positive for an increasing function, so the absolute
value operation is not necessary. A similar argument can be made for the
case when g¢(z) is strictly decreasing.

13. Transformations with Multiple-Valued Inverses: If g(z) has more than one
inverse function, then a separate probability element must be calculated for
each of the inverses. For example, suppose that X ~ Unif(—1,2) and
Y = g(X) = X2 There are two inverse functions for y € [0, 1], namely
r = —,/y and v = +,/y. There is a single inverse function for y € (1,4]. The
pdf of Y is found as

(

0 y <0;
—d
v |22+ s |2 e o
fly) = d
1 | ye (1,4
0 y > 4.
0 y < 0;
B ﬁ y € [0,1];
6— 6(1,4];
(0 y > 4.

5.3 The Median and Other Percentiles

1. Definition: The number z, is said to be the 100p™ percentile of the
distribution of X if z, satisfies

Fx(xp) = P(X < x) = p.

2. If the cdf Fx(x) is strictly increasing, then z, = Fiy'(p) and =, is unique.
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If Fx(z) is not strictly increasing, then z, may not be unique.

. Median: The median is the 50'® percentile (i.e., p = 0.5).

. Quartiles: The first and third quartiles are x¢ 95 and z¢ 75 respectively.

Example: If X ~ Unif(a,b), then (z, —a)/(b—a) =p; z, = a+ p(b— a); and
Zos = (a+b)/2.

Example: If Fx(z) =1 — e (i.e., waiting time distribution), then
1—e? =p; z,=—1In(l —p)/)\; and 295 = In(2)/\.
Example—Cauchy: Suppose that X is a random variable with pdf

1

o2

= E

where —oo < x < 00; 0 > 0; and p is a finite number. Then

T—p

Fla) = /_;f(u)du:/_j mdz

(make the change of variable from z to z = T ,u)

o
1 — 1
= — arctan (:c ,u) + —.
T o 2

Accordingly,

F(x,) =p=
r, = p+otan[r(p—0.5)];
Toos = p+otan[n(0.25—0.5)] = pu — o;
Tos = MU+ atan(()) = p; and
o5 = p+otan[r(0.75—0.5)] = pu+o.

Definition Symmetric Distribution: A distribution is said to be symmetric
around ¢ if Fix(c—6) =1— Fx(c+ 4) for all 6.

Definition Symmetric Distribution: A distribution is said to be symmetric
around c if fx(c—9) = fx(c+ ) for all 6.

Median of a symmetric distribution. Suppose that the distribution of X is
symmetric around c. Then, set 0 to ¢ — x5 to obtain
1 1
Fx(l’o_5) = 5 =1- Fx(2C — $()_5) — Fx(2C — 1‘0,5) = 5 — C= X05.
That is, if the distribution of X is symmetric around ¢, then the median of the
distribution is c.
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5.4 Expected Value

1. Definition: Let X be a rv with pdf f(z). Then the expected value (or mean)

of X, if it exists, is
o0

fmmzuxzf

2. The expectation is said to exist if the integral of the positive part of the
function is finite and the integral of the negative part of the function is finite.

5.5 Expected Value of a Function

1. Let X be a rv with pdf f(z). Then the expected value of g(X), if it exists, is

2. Linear Functions. The integral operator is linear. If g;(X) and go(X) are
functions whose expectation exists and a, b, ¢ are constants, then

Eagi(X) + bg2(X) + ¢] = aE [g1(X)] + bE [g2(X)] + ¢

3. Symmetric Distributions: If the distribution of X is symmetric around ¢ and
the expectation exists, then E(X) = c.

Proof: Assume that the mean exists. First, show that E(X — ¢) = 0:

= /C (x — o) f(z)dx + /COO(:L“ —c)f(z)dz

—00

(let x = ¢ — w in integral 1 and let z = ¢ + u in integral 2)

_ —/Ooouf(c—u)dqu/ooouf(chu)du
— [l = fle=widu=0

by symmetry of the pdf around ¢. Now use E(X —¢) =0 < E(X) =c.
4. Example: Suppose that X ~ Unif(a,b). That is,

1
fla)=b—a

0 otherwise.

x € |a,b];
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A sketch of the pdf shows that the distribution is symmetric around (a + b)/2.
More formally,

1 b—a b—al .
f<a—|—b_5):f<a—2kb+5>: T 0 € [—45,55];

2 0 otherwise.

Accordingly, E(X) = (a+0)/2. Alternatively, the expectation can be found by
integrating x f(z):

B(X) = /_fo(x)dx:/abbfadx

b
2 B2 — 2

" 20b-a)|, 20b-a)
(b—a)(b+a) a+b
2(b—a) 2

. Example: Suppose that X has a Cauchy distribution. The pdf is

1

o2

o= ®

where p and o are constants that satisfy |u| < oo and o € (0, 00). By
inspection, it is apparent that the pdf is symmetric around p. Nonetheless,
the expectation is not u, because the expectation does not exist. That is,

/_fo(x)dx:/_oo [ M]dx

om |1+ 72

o z T —
- —° _drwh —
,LL+0/_OO7T(1+Z2)ZW ere z -

4 /0 c de+ /OO 4
= g —az o —az
HTo | r+22) o T+ 22)

In(1 + 2%) " In(1+ 22)|™
AR N e a i
2m 2m

0

—00

and neither the positive nor the negative part is finite.

6. Example: Waiting time distribution. Suppose that X is a rv with pdf e **

for x > 0 and where A > 0. Then, using integration by parts,

E(X) = / rhe Mdy = —xe ™| + / e dx
0 0 0
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5.6 Average Deviations
1. Variance

(a) Definition:

Var(X) & B(X — pux)? = / (o - ux)*f(@)de

[e.e]

if the expectation exists. It is conventional to denote the variance of X
by o%.

(b) Computational formula: Be able to verify that
Var(X) = E(X?) — [E(X))>.

(c) Example: Suppose that X ~ Unif(a,b). Then

b r r+1 b r+1 r+1
T T b'™ —a
E(X") = dz = = .
( ),Lb—a“7(r+m@—@a r+ 1)(b—a)

Accordingly, ux = (a+0)/2,

V' —a®  (b—a)(b®+ab+a?) b +ab+a?

E(X?) = = = d
X = 3579 3(b—a) 3
V+ab+a?> (b+a)* V—2ab+a®> (b—a)?

Var(X) = 3 4 12 T 1

(d) Example: Suppose that f(x) = Ae™¢ for x > 0 and where A > 0. Then
E(X) =1/,

E(X?) = / r* e M dx
0

= 2% N + /OO 2re Mdr = 0+ 2 and
0 0 A2
Var(X) — % - % _ %
2. MAD
(a) Definition:
Mad(X) = B(X — uxl) = [ Jo = pxl (o)

(b) Alternative expression: First, note that

E(|X —¢]) = /C (c—x)f(x)d:v+/oo(9:—c)f(x)d:v

—00
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- c[2FX(c)—1]—/;xf(x)dx—i—/cooxf(x)dx.

Accordingly,

Bx

Mad(X) = ux 2Fx(pux) — 1] — /

— 00

xf(z)dx + /OO zf(x)dx.

nx

(c) Leibnitz’s Rule: Suppose that a(f), b(), and g(x,0) are differentiable
functions of 6. Then

b(0)
7 o IO = glb6).f] Lb(0) — g [a(6).6] -a(0)

/b(@) d ( 6)
+ —g(z,0)dz.
ao) A0

(d) Result: If the expectation E(|X — ¢|) exists, then the minimizer of
E(|X — ¢|) with respect to c is ¢ = F'(0.5) = median of X.

Proof: Set the derivative of E(]X — ¢|) to zero and solve for ¢:

T p(lx —c)
_ % {C[QFx(c) —1] - /_; zfx(z)dz + /COO fo(x)dx}
= 2Fx(c) — 14 2cfx(c) —efx(c) —cfx(c)
= 2Fx(c) - 1L

Equating the derivative to zero and solving for ¢ reveals that c is a
solution to F'x(c¢) = 0.5. That is, ¢ is the median of X. Use the second
derivative test to verify that the solution is a minimizer:
d? _d B
@E(\X —c]) = pp 2Fx(c) = 1] =2fx(c) > 0
= ¢ is a minimizer.

(e) Example: Suppose that X ~ Unif(a,b). Then Fx (%)= 0.5 and
atb b

2 x b—a
Mad(X):—/ b_ad:c+[l+bb_ad:c: Y

a

2

(f) Example: Suppose that fx(x) = Ae™*® for z > 0 and where A > 0. Then
E(X) = 1/, Median(X) = In(2)/\, Fx(z) =1 —e**, and

Mad(X) = ; [2—2¢7" —1]
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A1 [oe) 2
—/ zhe Mdx +/ zhe Mdr = —,
0 A-1 Ae

where [zAe™*dz = —ze™** — A7'e™* has been used. The mean
absolute deviation from the median is

In(2 In(2)A~! 00
E 'X — ﬁ' = —/ e Mdx +/ xhe Mdx
A 0 In(2)A—1

In(2)
o

3. Standard Scores
Let 7 — M

OXx

b) Moments: E(Z) =0 and Var(Z) = 1.

)
)

(c) Interpretation: Z scores are scaled in standard deviation units.
)

(a
(

(d) Inverse Transformation: X = ux + oxZ.

5.7 Bivariate Distributions
1. Definition: A function fxy(z,y) is a bivariate pdf if

i) fxv(z,y) >0 for all z,y and

(ii) / / fxy(z,y)dzedy = 1.

2. Bivariate CDF: If fxy(x,y) is a bivariate pdf, then

Fxy(z,y)=P(X <z,Y <vy) / / fxy(u,v)dvdu.

3. Properties of a bivariate cdf:

4. Joint pdfs and joint cdfs for three or more random variables are obtained as

straightforward generalizations of the above definitions and conditions.

25
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5. Probability Element: fxy(z,y)AxzAy is the joint probability element. That is,

Pla<X <z+Az,y<Y <y+ Ay) = fxy(x,y)AzAy + o(AzAy).

6. Example: Bivariate Uniform. If (X,Y’) ~ Unif(a, b, ¢, d), then

1

fX’y(SL’, y) = (b - CL) (d - C)
0 otherwise.

z € (a,b), y € (cd)

For this density, the probability P(z; < X < x9,y1 <Y < y5) is the volume of
the rectangle. For example, if (X,Y") ~ Unif(0,4,0,6), then

P(25< X <351<Y <4)=(35-25)(4—1)/(4 x 6) = 3/24. Another
example is P(X?2+Y2>16)=1—-P(X?+Y?<16)=1—47/24=1—-7/6
because the area of a circle is 7% and therefore, the area of a circle with
radius 4 is 167 and the area of the quarter circle in the support set is 4.

7. Example: fxy(z,y) = &(x +y?) for z € (0,1) and y € (0,1). Find
P(X +Y < 1). Solution: First sketch the region of integration, then use
calculus:

1 1—y

PX+Y <1 = P(X<1—Y):// §($+y2)dxdy
o Jo
-y

61x221
:Bﬂ(5+”)

dy
6 [ (1—y)?
= —/uﬂl—y)yzdy
0

0

5 2
O A O i Y R
5\2 2 6 3 4 )|, 10
8. Example: Bivariate standard normal
—5(@%+y?) —52% o—35Y°
fey(ey) = ===
27 V21 V271

= fx(@)fr(y).

Using numerical integration, P(X +Y < 1) = 0.7602. The matlab code is

g = inline(’normpdf (y) .*normcdf (1-y)’,’y’);
Prob=quadl(g,-5,5)

where +00 has been approximated by =£5.

9. Marginal Densities:
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(a) Integrate out unwanted variables to obtain marginal densities. For
example,

/ fxy (@ y)dy;  fr(y / fxy(z,y)d
and fxy(z,y) = /_OO /_OO fwxyz(w, .y, z)dwdz.

(b) Example: If fxy(z,y) = $(z +y?) for z € (0,1) and y € (0,1), then

1 6x + 2
(z +y?)dy =

/
/1 ) 632+ 3
0 5

for x € (0,1) and

(x+y°)de =

for y € (0,1).

10. Expected Values

(a) The expected value of a function g(X,Y) is
Elg(X,Y)] = / / 9(x,y) fxy (,y)dedy.

(b) Example: If fxy(z,y) = $(z +y?) for 2 € (0,1) and y € (0,1), then

1o 9
// —(x + y?)dzdy / 3 +2dy:§.
0 5 5

5.8 Several Variables

1. The joint pdf of n continuous random variables, X, ..., X, is a function that
satisfies

..,xy) >0, and

1 IL‘l,.
(ii) / / f(x1, ..., x,)dxy -+ - dxy, = 1.

2. Expectations are linear regardless of the number of variables:

k k
E Z aigi(Xla X27 s 7Xn) = Z a’iE [gl(X1> X2> s 7Xn)]

1=1 1=1

if the expectations exist.

3. Exchangeable Random variables
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(a) Let z7,... 2% be a permutation of xy,...,z,. Then, the joint density of
Xq,...,X, is said to be exchangeable if

for all z4,...,z, and for all permutations zj,...,x;

(b) Result: If the joint density is exchangeable, then all marginal densities
are identical. For example,

o0
fxl,Xg(DCl,fz):/ Ix1,%0,, (T1, T2, @3) dg
- — 00
= / Ix1 . %,x5 (%3, X2, 21) dzs by exchangeability
—00

= / fx1.%0.x5 (21, X2, x3) dzq by relabeling variables
= sz,Xg (‘7529 [L’g).

(c¢) Result: If the joint density is exchangeable, then all bivariate marginal
densities are identical, and so forth.

(d) Result: If the joint density is exchangeable, then the moments of X; (if
they exist) are identical for all 1.

(e) Example Suppose that fxy(z,y) =2forz >0,y >0,and z+y < 1.
Then

fe(z) = /0_x2dy:2(1—1;) for z € (0,1)

1-y
frly) = /0 2dxr = 2(1 — y) for y € (0,1) and

5.9 Covariance and Correlation

1. Review covariance and correlation results for discrete random variables
(Section 3.4) because they also hold for continuous random variables. Below
are lists of the most important definitions and results.

(a) Definitions

Cov(X,Y) EE[(X — pux)(Y — py)].

Cov(X,Y) is denoted by ox y.
Var(X) = Cov(X, X).
Corr(X,Y) = Cov(X,Y)/+/Var(X) Var(Y).
Corr(X,Y) is denoted by pxy.
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(b) Covariance and Correlation Results (be able to prove any of these).
e Cov(X,Y)=E(XY)—-EX)EY).
e Cauchy-Schwartz Inequality: [E(XY)]? < E(X?)E(Y?).
e pxy € [—1,1] To proof, use the Cauchy-Schwartz inequality.
e Cov(a+bX,c+dY)=0bdCov(X,Y).

e Cov (Z a; X;, Z bﬁﬁ-) = Z Z a;b; Cov(X;,Y;). For example,

i i

Cov(aW +bX,cY +dZ) =

ac Cov(W)Y') + ad Cov(W, Z) 4+ be Cov(X,Y) + bd Cov(X, Z).
e Corr(a+ bX,c+ dY) = sign(bd) Corr(X,Y).

e Var (Z Xz) = ZZCOV(Xi,Xj) =
i i
> Var(X;) + ) Cov(X;, X;).
i i#j
e Parallel axis theorem: E(X — ¢)? = Var(X) + (ux — ¢)?. Hint on
proof: first add zero X — ¢ = (X — ux) + (ux — ¢), then take
expectation.

2. Example (simple linear regression with correlated observations): Suppose that
Yi=a+ fx; +¢; fori=1,...,n and where 1, ..., have an exchangeable
distribution with E(e;) = 0, Var(e;) = 02 and Cov(ey, 2) = po?. The ordinary
least squares estimator of [ is

Y (w—2)(Yi-Y)
3 _ =1

Then,

Proof: First examine the numerator of 3 :

n n n

S - D)= T) =D (@ — )i = Y (i~ B)Y

i=1 i=1 1=1
n

= (=D =YY (w—7)

- zn:(xl — Z)Y; because = Z(% —I)=
i—1

i=1
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In the same manner, it can be shown that

n n

(@i—1)? = (- 3)(z; — 1) = Z(a: — Tz (%)

i=1 i=1
Denote the denominator of B by V,. That is,

n n

Vo= (1, —2)* =) (2 — T)x;.

i=1 i=1
The least squares estimator can therefore be written as

n

~ 1
g = Z;(L —2)Y; or as
P T, —T
= i}/h h i = -
16} 2 w where w v
Note that
n 1 n ~
wlzvz:(x,-—x) =0
i=1 T =1

The expectation of B\ is
B(3) =) wiB(Y;)
i=1

= z": w;(a + Bx;) because E(Y;) = E(a + Bz; + ;) = a+ fx;

i=1
= oszmLﬁZwlxz
i=1 i=1
=0+ % 2 (x; — T)x; because ; w; =0
= S = F)w—7) by ()
T =1
IS
= —Vw =
Sv,=p

The variance of 3 is

Var(a) = Var (Z in,-)
i=1

n . .
9 using results on variances
Z; w; Var(Yy) + ; witw; Cov(¥;, ¥) of linear combinations
1= i#j
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= o2 z": w? + p<72 Z WiW;j. ()
i=1

i

To complete the proof, first note that

- 1 — 1 1
2: 2 2: =\2 __ _
i=1 oo V_x2 i:l(Ii_x) N V_fvx_ Vx

Second, note that

n 2 n
(Z w,-) = ( because Z w; = 0 and
i=1

i=1

) ()

n n n n
=D wiy wi=) > wuwy
i=1  j=1

i=1 j=1

i=1 £

i#j i#j
- 1
— D= -
i) v

Lastly, use the above two results in equation (%) to obtain

Var(ﬁ) = o? Z w; + po® Z ww;
=1

i#]
_o® pot _P(l-p) _ *(1-p)
Ve Vi Vi -

> (i — )

1=1

5.10 Independence

1. Definition: Continuous random variables X and Y are said to be independent
if their joint pdf factors into a product of the marginal pdfs. That is,

XuwY <= fxy(z,y) = fx(@)fyr(y) Y(z,y).

2. Example: if fxy(z,y) =2 for z € (0,0.5) and y € (0,1) then X 1 Y. Note,
the joint pdf can be written as

fX,Y(%y) = 2I(o,o.s) ($)I(0,1)(y) = 2I(o,o.s) (x) X 1(0,1)(y)
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= fx(z) x fy(y)

La(z) = {1 x € A

where

0 otherwise.

. Example: if fxy(z,y) =8zy for 0 <2 <y <1, then X and Y are not

independent. Note
fxy(z,y) = 8xyl0,1)(y) L (0,y)(7),
but

fx(z) = / P () dy = 42(1 — 22) T (),

fr(y) = /Oy fxy(z,y)de = 4y3](o,1)(y), and
fx (@) fy(y) = 162y°(1 — 2?) Loy () L0y (y) # fxv (z,y).

. Note: Cov(X,Y) =0#= X 1 Y. For example, if

1
fxy(z,y) = 51(1,2) (@) (—22) (),

then

2 x 2 2

B(X) = / / fdydx:/ e
L )3 R 9
2 T 2,2 .2

EY) = / / %dydx:/ i dxr =0, and
1 —x 1
2 T 2 2 _ .2

E(XY) = / ﬁdydxzf 2@ =) 2o,

1 —x 3 1 6

Accordingly, X and Y have correlation 0, but they are not independent.

. Result: Let A and B be subsets of the real line. Then random variables X and

Y are independent if and only if
P(Xe€eAYeB)=P(X e AP €B)

for all choices of sets A and B.

Proof: First assume that X 1 Y. Let A and B be arbitrary sets on the real
line. Then

P(XGA,YEB)://fX,y(z,y)dyda:
AJB

://fX(I)fy(y) dy dz by independence
AJB
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~ [ 1x@) [ ly)dyds = PCx € APV € )
A B
Therefore,

X1Y=PXecAYecB)=PXecAPY €B)

for any choice of sets. Second, assume that
P(X € A)Y € B)= P(X € A)P(Y € B) for all choices of sets A and B.
Choose A = (—o0, z] and choose B = (—o0,y]. Then

P(X €AY eB)=P(X <z,Y <y) = Fxy(z,y)
= P(X € A)P(Y € B) = P(X <2)P(Y <y) = Fx(x)Fy(y).

Accordingly,
2
fX,Y($7y) = 8x8yFX,Y(x>y)
2
=5 ayFX(x)FY(y)

= 2 pew) LR(y) = fe(a) fe(y)

= o X 8y y\Y)=Jx Yy\Y)-
Therefore

P(X €AY eB)=PXe€APY € B) = fxy(z,y) = fx(x)fr(y).

6. Result: If X and Y are independent, then so are g(X) and h(Y) for any g and
h.

Proof: Let A be any set of intervals in the range of g(x) and let B be any set
of intervals in the range of h(y). Denote by g~!(A) the set of all intervals in
the support of X that satisfy z € g7}(A4) <= g(z) € A. Similarly, denote by
h~'(B) the set of all intervals in the support of Y that satisfy

yeh Y (B) < h(y) € B. If X 1Y, then,

Plg(X)€ A h(Y)e B]=P[X € g '(A),Y € h'(B)]
—P[XegY(A)] x P[Y € h"'(B)] = Plg(X) € Al x P[h(Y) € B].
The above equality implies that g(X) 1 h(Y) because the factorization is

satisfied for all A and B in the range spaces of g(X) and h(Y). Note that we
already proved this result for discrete random variables.

7. The previous two results readily extend to any number of random variables
(not just two).

8. Suppose that X; for ¢ = 1,...,n are independent. Then
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(a) g1(X4),...,9n(X,) are independent,
(b) The Xs in any subset are independent,
()

c) Var (Z a; Z) Za Var(X;), and

(d) if the Xs are iid with variance o2, then Var (Z aiX,-> = o? Z a’.

2

5.11 Conditional Distributions

1. Definition: If fxy(z,y) is a joint pdf, then the pdf of Y, conditional on X =z
is
def fxv(T,y)
frixyle) P
provided that fx(z) > 0.

2. Example: Suppose that X and Y have joint distribution
fxy(z,y) =8xyfor 0 <z <y<1.

Then,
1
fr@) = [ Fertegdy=ta-a), 0<o<
1
E(X") = (1l —2®)e"dr = ——————;
(X") /0 (1 — 2*)a"dx EEy
fr(y) = 4°, 0<y<l1;
1
4
E(Y") = Ay dy = ——
(Y7) /0 yy'dy =
8xy 2x
fxiy(zly) = 4—y3:?’ 0<z<y; and
8y 2y
= = 1.
fY\X(y|x) 41,(1 — $2) 1— 22’ T <y<
Furthermore,
Yy 2 "
B =y) = [ o2 ar— 2 ana
0 y? r+2
2(1_Ir+2)

1 2y
E(Y'|X =2) = r dy — ,
(Y] ) /myl—xzy r+2)(1 - 22)
3. Regression Function: Let (X,Y’) be a pair of random variables with joint pdf
fxy(z,y). Consider the problem of predicting Y after observing X = x.
Denote the predictor as §(z). The best predictor is defined as the function

Y (X) that minimizes

SSE = E [Y — Y / / ny(x y)dydz.
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(a) Result: The best predictor is g(z) = E(Y|X = x).
Proof: Write fxy(z,y) as fyix(y|z)fx(x). Accordingly,

sse= [ { [ - o hoxtv oy} storas

o0 [e.9]

To minimize SSE, minimize the quantity in { } for each value of z. Note
that ¢(z) is a constant with respect to the conditional distribution of YV
given X = x. By the parallel axis theorem, the quantity in { } is
minimized by g(z) = E(Y|X = z).

(b) Example: Suppose that X and Y have joint distribution
fxy(z,y)=8zyfor 0 <z <y<1

Then,

8y 2y
= = <y <1and

o) = EOVIX =)= [Py = 3

(c) Example; Suppose that (Y, X) has a bivariate normal distribution with
moments E(Y) = uy, E(X) = ux, Var(X) = 0%, Var(Y) = 0%, and
Cov(X,Y) = pxyoxoy. Then it can be shown (we will not do so) that
the conditional distribution of ¥ given X is

(Y|X =2) ~ N(a+ Bz,0%), where
COV(X, Y) . pX7yO'y'

e = — d
6 Var(X) ox ) « Hy ﬁ:uX an
o = 032/ (1 — p§<,y) .

4. Averaging Conditional pdfs and Moments (be able to prove any of these
results)

(a) Ex [fy\x(?ﬂX)] = fy(y).
Proof:

Ex [fyix(y|X)] = /_OO frix(ylz) fx(z) dx

[ B (XLY)
—00 fX(x)

- /_OO fxy (X, Y)dz = fy(y).

fx(x)dx
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(b) Ex {E[h(Y)|X]} = E[A(Y)]. This is the rule of iterated expectation. A
special case is Ex [E(Y|X)] = E(Y).

Proof:

Ex {E[h(Y)|X]} = / V) [a] fx (2) da

/ / fY|X<y|x> dyfx(x) do
- [ [ h (( ) gy (o) da
:/_:/_OO h(y )fX7Y($,y)dyda:—/ / Ixy(x,y)dvdy

= /_OO h(y) fy (y) dy = E[h(Y)].

[e.e]

(c) Var(Y) = Ex [Var(Y|X)] + Var [E(Y|X)]. That is, the variance of Y is
equal to the expectation of the conditional variance plus the variance of
the conditional expectation.

Proof:

Var(y) = E(Y2) - [B(Y)]

= By [B(Y?[X)] ~ {Bx [E(V]X)])’
by the rule of iterated expectation

— Ex {Var(Y|X) + [E(Y|[X)]*} — {Ex [E(Y[X)]}?
because Var(Y|X) = E(Y?|X) — [E(Y|X)]?
Ex [Var(Y|X)] + Ex [E(] X)) — {Ex [E(Y]X)]}
Ex [Var(Y|X)] + Var [E(Y|X)]
because Var[E(Y|X)] = Ex [E(Y|X)]* — {Ex [E(Y]|X)]}*.

5. Example: Suppose that X and Y have joint distribution

3y
fxy(z,y) = — for0<y<ax<l.
T

Then,
fr(y) = /3y dr = —y%), for 0 <y < 1;
I >d——3 -
) 2 ya (r+1)(r+3)
L B(Y) = 2 and Var(Y) = ——;
-8 3207

x3y2
.fX(x) = ?dyzl, fOFO<£L‘<1;
0
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3y
frix(yle) = —, for 0 <y <z <
x

T 3y? 3"
E(Y'|X =2) = 2 yrdy =
(Y| z) /0 SV =5

3
— E(Y|X =)= ] and

32
Var(Y]X = o) = 22
(VX =) = 20
3X 9 1 3
Var [E(Y|X)] = Var <T) = E X E = 6_4’
3X7? 1
E YIX)] = E| — | = —:
V] = B (35) -
19 3 1

320 61 T80

5.12 Moment Generating Functions

1. Definition: If X is a continuous random variable, then the mgf of X is
ex() =) = [~ e pelapn

provided that the expectation exists for ¢ in a neighborhood of 0. If X is
discrete, then replace integration by summation. If all of the moments of X do
not exist, then the mgf will not exist. Note that the mgf is related to the pgf
by

Ux (t) = nx(e')

whenever 7x(t) exists for ¢ in a neighborhood of 1. Also note that if ¥ x(¢) is a
mgf, then ¢x(0) = 1.

2. Example: Exponential Distribution. If fx(z) = e I o) (z), then

Vx(t) = / e e Mdy
0

)\ o
= A —t)e~Atzg
1), ( Je x

— i/ Ne M%dx, where \* = \ —t,
2 Jo
- = L rovided that A > ¢
x4 P '

3. Example: Geometric Distribution. If X ~ Geom(p), then

'(/)X(t) — Z 6t:c(1 _ p):c—lp — pet Z(l _ p>x—16t(x—l)
z=1 z=1
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t

WS =

provided that t < —In(1 — p).

. MGF of a linear function: If ¢ x(t) exists, then

¢a+bX (t) —E [et(a—i-bX)} _ eath (tb)
For example, if Z = (X — px)/ox, then

Wz(t) = e XYy (tfox).

. Independent Random Variables: If X; for i = 1,...,n are independent, ¢, ()

exists for each i, and S = > X;, then

Ws(t) :E(etZXi) —FE [HetXi] :H¢Xi(t)'
i=1 i=1
If the Xs are iid random variables, then

es(t) =[x (8)]".

. Result: Moment generating functions are unique. Each distribution has a

unique moment generating function and each moment generating function
corresponds to exactly one distribution. Accordingly, if the moment
generating function exists, then it uniquely determines the distribution. For
example, if the mgf of YV is

e ze
2—et 1 Let’

Yy (t)

then Y ~ Geom(0.5).

. Computing Moments. Consider the derivative of ¢ x (t) with respect to t

evaluated at t = 0:

= —e* fx(z)dx
=0 /—oo dt |-

_ /OO o fx(@)de = B(X).

— 00

d
%@DX (t)

Similarly, higher order moments can be found by taking higher order
derivatives:

B(X") = (C%wx(t)

t=0
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Alternatively, expand e!* around ¢ = 0 to obtain

etx — f: (tfl)r

r=0

Therefore

¢X(t) — E(etX) —E [Z (t)()r]

r!
r=0
o] : tr

Accordingly, E(X™) is the coefficient of ¢"/r! in the expansion of the mgf.
8. Example: Suppose that X ~ Geom(p). Then the moments of X are

B(X") = (jTTy@bX@

t=0

iy [0
t=0 - (@) [1—(1—p)e
Specifically,

d _d pet B
axW =g {1 g —p)et] =
Ux(t) + 1%pwx(t)Q and

d? d 1—p 2|
(0 = g [0+ 1P| -

1— 1— 1-—
Pxt) + X Pyt + L oy [wxos) ¥ —pwx<t>2] |
p p p
Therefore,
E(X) = 1+ 1-pr_ 1;
P p
1-— 1-— 1-— 2 —
B(X?) = 1+—p+—p2[1+ p] 2 and
p P p D
Var(x) — 2-p_ L1 _1-»p

9. Example: Suppose Y ~ Unif(a,b). Use the mgf to find the central moments
E[(Y — puy)"] = E[(Y — 22)"]. Solution:

1 b B
by(t) = bf/ iy = S
by () = €M@y (1)

39
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e—t(a+b)/2 [etb _ eta:|

t(b—a)

<
- (i <62_a>) e
e
S ;( )) (2ii1)!

( )% (2i i nl - i:; ((i)') 22?(;22;)‘

Therefore, the odd moments are zero, and

I
Mg

(b _ a)2i

- 21 I S
BY =m)™ = 5oy

For example, E(Y — py)? = (b —a)?/12 and E(Y — py)* = (b — a)*/80.



Chapter 6

FAMILIES OF CONTINUOUS
DISTRIBUTIONS

6.1 Normal Distributions

1. PDF and cdf of the Standard Normal Distribution:

6—22/2 6—22/2
= I —50.00 =
fZ<Z) \/% ( ) )(Z) \/ﬁ

Fy(z) = P(Zgz):Q)(z):/_z () du

and

o 4 2/2
2. Result: / de = 1.
—oc0 V 271'

Proof: To verify that f;(z) integrates to one, it is sufficient to show that

/ e 2 dr = \/2r.

Let -
K:/ e /2 do.

[e'e) 2
K* = (/ e/ du)
= (/ e~ui/2 dul) (/ eTuz/2 duz)
= / / e~ 2 3) quy dus.

Now transform to polar coordinates:

Then

uy = rsinf; us = rcosf and

41
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2w 00
K? = / / e 2 dr df

0 0
2w 1 >

= / —G_E(T) d@
0 0
2w

= / 1d0 = 2.
0

Therefore K = /21 and fz(z) integrates to one.

. Other Normal Distributions: Transform from Z to X = p+ 07, where p and
o are constants that satisfy |u| < oo and 0 < o < co. The inverse
transformation is z = (z — p)/o and the Jacobian of the transformation is

%
dx

1

/| =

Accordingly, the pdf of X is

x—p\ 1 e 202 @)
()1

We will use the notation X ~ N(u,0?) to mean that X has a normal
distribution with parameters p and o.

. Completing a square. Let a and b be constants. Then
2?2 —2ax + b= (v —a)® —a® + b for all x.

Proof:

#oarbe-a(§)oe (3 (5 o

a\1? a\?2 b
=) -G) -
. Moment Generating Function: Suppose that X ~ N(u, c?). Then
bx(f) = o2
Proof:

tX < e 57 )’
t) = E(e) = e ———dx
wX( ) ( ) - \/W

00 e—%g [—2t02m+(m—u)2]
/_oo V2ro?

Now complete the square in the exponent:

dz.

—2to*s + (v — p)? = —2to’x + 2* — 2op + p? = 2® — 2x(u + to?) + i
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= [z —(u+ t02)}2 —(u+to?)P+ P =z — (p+ 2502)}2 — 2tpc* — t*o.

Therefore,

00 —%x (ptto )]
Ux(t) = w00 / s
72

\/ 2w o2

etHtt*o?/2 / dm where p* = p + to?
—0 2702

*

etu+t2 a?/2

because the second term is the integral of the pdf of a random variable with
distribution N(u*, 0?) and this integral is one.

6. Moments of Normal Distributions

(a) Moments of the standard normal distribution: Let Z be a normal random
variable with g =0 and ¢ = 1. That is, Z ~ N(0,1). The moment
generating function of Z is 14 (t) = e’/2. The Taylor series expansion of
Yz(t) around t = 0 is

e}

2\ ¢
valt) = e*/?:Z%(%)

=0

> (%) (@)

Note that all odd powers in the expansion are zero. Accordingly,

0 if r is odd
E(Z") = 7!
7 (5]

if r is even.

It can be shown by induction that if r is even, then

7l
W:(r—l)(r—3)(r—5)~-~l.

In particular, E(Z) = 0 and Var(Z) = E(Z?) = 1.

(b) Moments of Other Normal Distributions: Suppose that X ~ N(u, o?).
Then X can be written as X = p+ Zo, where Z ~ N(0,1). To obtain
the moments of X, one may use the moments of Z or one may
differentiate the moment generating function of X. For example, using
the moments of Z, the first two moments of X are

E(X) = E(p+0cZ2)=p+0E(Z)=pand
E(X?) = E[(u+02)’] =EW* +2ucZ +0°Z*) = i’ + o”.



44 CHAPTER 6. FAMILIES OF CONTINUOUS DISTRIBUTIONS

Note that Var(X) = E(X?) — [E(X)]? = ¢%. The alternative approach is
to use the moment generating function:

_ i 6tu+t202 /2

o dt

B(X) = Sox(0)

t=0

= (u+to)e™ 2l = and

t=0

d 2 .2
= D+ to?)etrtte /2
dt

d2

@@DX (t)

t=0 t=0

_ 0_2etu+t202/2_'_(M+t0_2)2etu+t202/2 :M2+02-

t=0

7. Box-Muller method for generating standard normal variables. Let Z; and Z
be iid random variables with distributions Z; ~ N(0, 1). The joint pdf of Z;
and Zy is

o3z +73)
2m

Transform to polar coordinates: Z; = R sin(7") and Zy = R cos(T"). The joint

distribution of R and 7' is

1.2
re 2"

fZl,Zz(Zl, 22) =

fra(rt) = ———loec) (") 2m)(T) = fr(r) x fr(t) where
1
fr(r) = re 2" Lo (r) and fr(t) = 5 102m(t)-
Factorization of the joint pdf reveals that R 1 T'. Their respective cdfs are
_1,2 t
Fr(r)y=1—e"2" and Fp(t) = 3

Let Uy = Fgr(R) and Uy = Fp(T). Recall that U; ~ Unif(0, 1). Solving the cdf
equations for R and T yields

—2In(1 —U;) and T = 27Us.
Lastly, express Z; and Z, as functions of R and 7"
Zy = Rsin(T)=+/—2In(l — U;)sin(27U;) and
Zy = Rcos(T)=+/—2In(1 —Uy)cos(2rwUs).

Note that U; and 1 — Uy have the same distributions. Therefore Z; and Z5 can
be generated from U; and U by

Z1 =/ —2In(Uy) sin(27Us) and Zy = \/—21n(U;) cos(2mUs).

8. Linear Functions of Normal Random Variables: Suppose that X and Y are
independently distributed random variables with distributions X ~ N(uy, 0%)
and Y ~ N(uy, o).
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(a) The distribution of aX + b is N(aux + b, a*c%).
Proof. The moment generating function of a X + b is

,lybaX—i-b(t) _ E( t(aX-l—b)) — eth(etaX) _ 6tb¢x(ta)

tb tap+t?a’0? /2 t(ap+b)+t2(ac)?/2

=e€e e =€

and this is the moment generating function of a random variable with
distribution N(au + b, a?c?).

(b) Application: Suppose that X ~ N(u,0?). Let Z = (X — pu)/o. Note,
Z =aX +b, where a =1/ and b = —pu/o. Accordingly, Z ~ N(0,1).

(c) The distribution of aX + bY is N(aux + buy, a*c% + b*a%).
Proof. The moment generating function of a X + bY is

Vaxqoy (t) = B(@XTY)) = E(e!*X)E(e®) by independence
= Py (ta)y (th) = elanxTHEa ok /2 tbiy +E26205. /2
— et(aux+buy)+t2(a2<7§(+b20§,)/2‘
and this is the moment generating function of a random variable with

distribution N(auy + buy, a’c% + b*o2).

(d) The above result is readily generalized. Suppose that X; for i = 1,.
are independently distributed as X; ~ N(u;, 02). T =31, aZXZ, then

T ~ N(ur, 0%), where ur = >0 a;p; and o5 = Y " alo?.
9. Probabilities and Percentiles

(a) If X ~ N(pux,0%), then the probability of an interval is

Pla<X <b) — P[a_MXSZSb_MX}
ox ox

o) ()
ox ox

(b) If X ~ N(ux,o%), then the 100p™ percentile of X is

= Ux T o0x2p,

where z, is the 100p'™ percentile of the standard normal distribution.
Proof:

X —
P(Xguxjtaxzp):P(iMX Szp) =P(Z<z)=0p
Ox

because Z = (X — ux)/ox ~ N(0,1).

10. Log Normal Distribution
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(a) Definition: If In(X) ~ N(u,0?), then X is said to have a log normal
distribution. That is

In(X) ~ N(p, 0%) <= X ~ LogN(u,?).

Note: p and o2 are the mean and variance of In(X), not of X.

(b) PDF: Let Y = In(X), and assume that Y ~ N(u,0?). Note that x = g(y)
and y = g~ '(x), where g(y) = e¥ and g~'(x) = In(z). The Jacobian of the
transformation is

d d
1= || = | )| = 2
Accordingly, the pdf of X is
1 2
] eaeh@—a)
fx(@) = fy [97(2)] = = ———=—T10.00)(2).
x oV 2T

(c) CDF: If Y ~ LogN(u,0?), then

PO <) = PIn(y) < i) = o (22).

(d) Moments of a log normal random variable. Suppose that
X ~ LogN(y, 02). Then E(X7) = et +7°0"/2,

Proof: Let Y = In(X). Then X =¢¥ and Y ~ N(u,0?) and
E(XT> =E (GTY) = eru+r202/27

where the result is obtained by using the mgf of a normal random
variable. To obtain the mean and variance, set r to 1 and 2:

B(X) = "%/ and Var(X) = 127 — giniot _ gnie® [ 1]

(e) Displays of various log normal distributions. The figure below displays
four log normal distributions. The parameters of the distribution are
summarized in the following table:

= o’ = T = 0= 0=

Plot | E[In(X)] Var[ln(X)] E(X) Var(X) 7/0
1 3.2976 4.6151 100 1000 0.1
2 3.8005 1.6094 100 200 0.5
3 4.2586 0.6931 100 100 1
4 4.5856 0.0392 100 20 5

Note that each distribution has mean equal to 100. The distributions
differ in terms of 6, which is the coefficient of variation.
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9=0.1 6=05
0.12 0.02
0.1
0.015
0.08
%0.06 0.01
0.04
0.005
0.02
0 0
0 50 100 150 200 0 50 100 150 200
=1 0=5
0.01 0.025
0.008 0.02
__0.006 0.015
X
=
0.004 0.01
0.002 0.005
0 0
0 50 100 150 200 0 50 100 150 200
X X

If the coefficient of variation is small, then the log normal distribution
resembles an exponential distribution, As the coefficient of variation
increases, the log normal distribution converges to a normal distribution.

6.2 Exponential Distributions
1. PDF and cdf

Ae_)‘mf[om)(x) where ) is a positive parameter, and
Fx(z) = 1—e™

~

<

—~

&
|

provided that > 0. We will use the notation X ~ Expon(\) to mean that X
has an exponential distribution with parameter \. Note that the 100p*™
percentile is x, = —In(1 — p)/A. The median, for example, is zo5 = In(2)/A.

2. Moment Generating Function. If X ~ Expon()), then ¢x(t) = A/(A —t) for
t<A

Proof:

Ux(t) = B = /000 e e dx

o A o A
= / AP0 oy = (A —t)eP DT gy =
; =t ), Nt

because the last integral is the integral of the pdf of a random variable with
distribution Expon(\ — t), provided that A —¢ > 0.
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3. Moments: If X ~ Expon(A), then E(X") = r!/A\".
Proof:

Ux(t) = Ait - 1—1t//\ :iG)T

-3 (0) (%)

provided that —\ < ¢t < A. Note that E(X) = 1/, E(X?) = 2/A? and
Var(X) = 1/)\2%

4. Displays of exponential distributions. Below are plots of four exponential
distributions. Note that the shapes of the distributions are identical.

A=01 A=1
0.1 1
0.08 0.8
_0.06 0.6
X
=
0.04 0.4
0.02 0.2
0 0
0 20 40 60 80 0 2 4 6 8
A=2 A=5
2 5
15 4
- 3
1
2
0.5 1
0 0
0 1 2 3 4 0 0.5 1 15
X X

5. Memoryless Property: Suppose that X ~ Expon(A). The random variable can
be thought of as the waiting time for an event to occur. Given that an event
has not occurred in the interval [0, w), find the probability that the additional
waiting time is at least ¢. That is, find P(X >t + w|X > w). Note: P(X >t)
is sometimes called the reliability function. It is denoted as R(t) and is related
to Fx(t) by

Rt)=P(X >t)=1-P(X <t)=1— Fx(t).

The reliability function represents the probability that the lifetime of a
product (i.e., waiting for failure) is at least ¢ units. For the exponential
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distribution, the reliability function is R(t) = e=*'. We are interested in the
conditional reliability function R(t + w|X > w). Solution:

P(X >t+w)
t X = P(X >t X =
R(t +w|X > w) (X >t+wlX >w) PX > )
_ e—)\(t—‘rw) _ e_)\t
6—>\w :

Also,
Rt+wlX >w)=1—-Fx(t+w/X >w) = Fx(t+w/X >w)=1-e.

That is, no matter how long one has been waiting, the conditional distribution
of the remaining life time is still Expon(A). It is as though the distribution
does not remember that we have already been waiting w time units.

6. Poison Inter-arrival Times: Suppose that events occur according to a Poisson
process with rate parameter A. Assume that the process begins at time 0. Let
T7 be the arrival time of the first event and let 7T}, be the time interval from
the (r — 1) arrival to the " arrival. That is, 11, ..., T, are inter-arrival
times. Then T; for i = 1,...,n are iid Expon(\).

Proof: Consider the joint pdf or 11,75, ..., T,:

oo, m(tita, o ty) =
= fr.(t1) X fooym (t2lt1) X frym o (ts]t, t2)
X X an‘Tl,...,Tn71 (tn|t17 R tn—l)

by the multiplication rule. To obtain the first term, first find the cdf of T:

Fr,(t;) = P(Ty <t;)= Plone or more events in (0, )]
— Aty >\t 0
= 1— Pnoevents in (0,¢1)] =1 — % =1—e

Differentiating the cdf yields

d _ _
fr(t) = d_tl(l — e M) = Ae M (g o) (1)

The second term is the conditional pdf of T, given T} = t;. Recall that in a
Poisson process, events in non-overlapping intervals are independent.
Therefore,

frm (talt) = fr, () = Ae 2,
Each of the remaining conditional pdfs also is just an exponential pdf.
Therefore,

oo, m(tita, .. ty) = H )\e_kti][o,oo) (t:)-
i—1

This joint pdf is the product of n marginal exponential pdfs. Therefore, the
inter-arrival times are iid exponential random variables. That is,
T; ~iid Expon(\).
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6.3 Gamma Distributions
1. Erlang Distributions:

(a) Consider a Poisson process with rate parameter A. Assume that the
process begins at time 0. Let Y be the time of the 7' arrival. Using the
differential method, the pdf of Y can be obtained as follows:

Ply<Y <y+dy) ~ P(r—1 arrivals before time y)
X Plone arrival in (y,y + dy)]

e (\y) !

=1 X Ady.

Accordingly,

—)\y)\r r—1
fr(y) = %I[O,m)(y)'

The above pdf is called the Erlang pdf.

(b) Note that Y is the sum of r iid Expon(\) random variables (see page 49
of these notes). Accordingly, E(Y) =7/ and Var(Y) = r/\2

(c) CDF of an Erlang random variable: Fy(y) =1—P(Y > y) and P(Y > y)
is the probability that fewer than r events occur in [0, y). Accordingly,

Fe(p)=1— Py >y =1- 3 W)

7!
i=0

2. Gamma Function
(a) Definition: I'(«r) = / u®"'e™™ du, where o > 0.
0

(b) Alternative expression: Let z = v/2u so that u = 2?/2; du = z dz; and
oo 2a—1_-2%/2
() :/ S
0

2a—1
(c) Properties of I'(«)
i T(1) = 1.
Proof:

i. Na+1) =al(a).
Proof:
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Let u = w®, let dv = e”"dw and use integration by parts to obtain
du = aw®* !, v=—e"" and

MNa+1) = —w%e™

+a/ w* e Y dw
0 0
= 0+ al'(a).

iii. If n is a positive integer, then I'(n) = (n — 1)!.
Proof T'(n) = (n—1)I'(n—1) = (n—1)(n — 2)I'(n — 2) etc.
iv. T'(3) = V.

Proaf: 1 00 6—22/2 00 6—22/2
F — = — dZ = dZ — m
(2) /0 272 o V2 v

because the integral of the standard normal distribution is one.

3. Gamma Distribution
(a) PDF and cdf: If Y ~ Gam(a, A), then

a—1lya,_ —X\ a—lya,_ —Au
YT A e [P Ut %
Fr(o) = T o ) and Frly) = [t

0

(b) Note: « is called the shape parameter and A is called the scale parameter.
(¢c) Moment Generating Function: If Y ~ Gam(a, A), then

0 a—1lya —A
Yy %Y
Yy (t) = / eVl dy
v() 0 [(a)

/oo ya—l)\ae—()\—t)y
= dy
0 I'(a)
PR /oo yoe—l()\ . t)ae—()\—t)y
(A=) Jo ['()
)\a
(A—1)°

because the last integral is the integral of a random variable with

distribution Gam(a, A — t) provided that A —¢ > 0.
(d) Moments: If Y ~ Gam(a, A), then

dy

d A o
EY) = E@DY(t) . B i -V
o _ Mala+1)
S R N e L
= w; and

Var(Y) = EY?) - [EY) = ——2L - = = —.
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(e) General expression for moments (including fractional moments). If
Y ~ Gam(a, A), then

INGED )
EY") = ——2 h .
(Y") T (o) provided that a4+ 7 > 0

Proof:

o, r, a—lya,_—Ay oo ,atr—1lya,_—Ay
Yy A% Y A%
B(Y") = / —dy:/ oA Ty,
&) 0 I'(a) 0 ['(a)

B F(CM—I—T) /oo ya—i-r—l)\a—i-re—)\y B F(CM—I—T)
0

NT(a) Ta+r) 77 N(a)

because the last integral is the integral of a random variable with
distribution Gam(« + 7, A), provided that a +r > 0.

(f) Distribution of the sum of iid exponential random variables. Suppose
that Y7,Y5, ..., Y} are iid Expon()\) random variables. Then
T =30 Y, ~ Gam(k, \).
Proof: ¥y,(t) = M/(A —t) = ¥r(t) = A*/(A = t)~.

(g) Note that the Erlang distribution is a gamma distribution with shape
parameter a equal to an integer.

6.4 Chi Squared Distributions

1. Definition: Let Z; for i = 1,...k be iid N(0, 1) random variables. Then

Y = Y8 | 72 is said to have a x? distribution with & degrees of freedom. That
is, Y ~ x3.

. MGF: ¢y (t) = (1 —2t)7% for t < 0.5.

Proof: First find the mgf of Z?2:

1.2

o] —3%
t) = B(e? :/ etzze dz
-1 .2 - L z
© o 2(1-2)~1 1 oo e 20—2t)~T
- - dz= 1—2t—2/ S——p
e V27 ( ) oo (1 —=2t)"2V/21

= (1-2t):
because the last integral is the integral of a N[0, (1 — 2¢)~!] random variable.
It follows that the mgf of ¥ is (1 — 2t)~2. Note that this is the mgf of a
Gamma random variable with parameters A = 0.5 and o = k/2. Accordingly,

k1
Y ~xi <= Y ~ Gamma <§,§) and
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3. Properties of x? Random variables
2'T(k/2 + 1)
I(k/2)
Proof. Use the moment result for Gamma random variables.
(b) Using I'(aw 4+ 1) = al'(«), it is easy to show that E(Y) = k,
E(Y?) = k(k + 2), and Var(X) = 2k.
(¢) Y ~N(k,2k) for large k. This is an application of the central limit
theorem. A better approximation (again for large k) is

V2Y — 2k — 1A N(0,1).
1, Yo,..., Y, are independently distributed as Y; ~ x3., then
d) If Y1,V Y, ind dently distributed as Y; 7, th
S Y~ x3i, where k= >0 ki
Proof. use the mgf.
() U X ~x3, X +Y ~x2, and X 1Y, then Y ~ 2 _,.

Proof. See page 248 in the text. Note that by independence
Uy (t) = Yx () (2).

(a) IfY ~ x2, then E(Y") = provided that k/2 +r > 0.

6.5 Distributions for Reliability

1. Definition: Suppose that L is a nonnegative continuous rv. In particular,
suppose that L is the lifetime (time to failure) of a component. The
reliability function is the probability that the lifetime exceeds x. That is,

Reliability Function of L = Ry(z) < P(L > z) = 1 — Fy(x).
2. Result: If L is a nonnegative continuous rv whose expectation exists, then
R(L) = / Ry(z) do = / 1 Fy(2)] da.
0 0

Proof: Use integration by parts with u = Ry () = du = — f(x) and
dv = dv = v = z. Making these substitutions,
— / vdu
0 0

/OOORL(u)du:/OOOudv:uv
) +/Ooofo(a:)dx

:/ o fo(x) dz = (L)
0
provided that lim x[1 — Fp(x)] = 0.

r—00

= 21 - Fy(a)
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3. Definition: the hazard function is the instantaneous rate of failure at time x,

given that the component lifetime is at least x. That is,

of . P L dx|L
Hazard Function of L = hy(z) % lim (r <L <z +dz|L >z

dz—0 dx
— lim Fr(x +dzx) — Fr(z) 1 _ fr(x)
dz—0 dx Ri(x)  Rp(x)
. Result:
hy(z) = —%m[m( ) = —RLl(x) « %RL(@
1 () = fi(x)
- }%L(x) X fL( ) }%L(x)

. Result: If R(0) =1, then

Ry(z) = exp{—/ox hy(u) du}.

ha(e) =~ {n[Ry(x)] ~ I [RL(0)])

} . _/: hi(u) du = In [Ry,(2)]

Proof:

T

— —hy(z) = % {m Ry (w)]

0

— exp {— /0 hy(u) du} = Ry (x).

. Result: the hazard function is constant if and only if time to failure has an

exponential distribution. Proof: First, suppose that time to failure has an
exponential distribution. Then,

AG_AI

e—Ax

fu(x) = XL o) (x) = Ry(a) = e = hy(a) = —\

Second, suppose that the hazard function is a constant, A. Then,
hp(x) = A= Rp(z) = exp {—/ )\du}
0

d
=e M= fi(z) = e [1—e ] =xe.

. Weibull Distribution: Increasing hazard function. The hazard function for the

Weibull distribution is
axa—l

hL(x) = B
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where o and 3 are positive constants. The corresponding reliability function is

Ri(x) = exp {—/0 hi(u) du} — exp {— (g)a}

and the pdf is

o) = 1 Eul) = L e {= ()} oo o),

. Gompertz Distribution: exponential hazzard function. The hazzard function

for the Gompertz distribution is

hi(x) = ae,

where o and 3 are positive constants. The corresponding reliability function is

Ri(z) = exp {—% [e%" — 1] }

and the pdf is

d

fr(x) = %FL(x) = ae’ exp {—% [eﬁx - 1} } I10,00) ().

Series Combinations: If a system fails whenever any single component fails,
then the components are said to be in series. The time to failure of the system
is the minimum time to failure of the components. If the failure times of the
components are statistically independent, then the reliability function of the
system is

R(z) = P(system life > x) = P(all components survive to x)
=[] Ri(=),
where R;(z) is the reliability function of the i*" component.

Parallel Combinations: If a system fails only if all components fail, then the
components are said to be in parallel. The time to failure of the system is the
maximum time to failure of the components. If the failure times of the
components are statistically independent, then the reliability function of the
system is

R(z) = P(all components fail by time ) = 1 — P(no component fails by time )

:1_HE(:):):1—H[1—RZ(JT)],

where Fj(z) is the cdf of the i*" component.
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6.6 t, F, and Beta Distributions

1. t distributions: Let Z and X be independently distributed as Z ~ N(0,1) and

X ~ x%. Then
_Z
X/k
has a central ¢ distribution with & degrees of freedom. The pdf is
r (k: + 1)
B 2
fr(t) = 1 PG
=) Vkr |1+ —
2 k
e If kL =1, then the pdf of T is
1
=—" .
) = T

which is the pdf of a standard Cauchy random variable.

e Moments of a t random variable. Suppose that T" ~ ;. Then

§ kr/er
S

Z ~N(0,1), X ~2 and Z 1 X.

) = k"?E(Z")E(X"/?), where

Recall that odd moments of Z are zero. Even moments of Z and
moments of X are

provided that a < k/2. Therefore, if r is a non-negative integer, then

((does not exist if r > k;

0 if r is odd and r < k;

E(T") = T!F(k_r)
kr/Q 2

. 2 if ris even and r < k.
(—)!TF (—)
2 2

\

Using the above expression, it is easy to show that E(T) =0 if k£ > 1 and
that Var(T) = k/(k —2) if k > 2.

2. F Distributions: Let U; and U, be independent x? random variables with
degrees of freedom k; and ks, respectively. Then

Ul/k’l

Y —
Ug/k’g
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has a central F' distribution with k; and k5 degrees of freedom. That is,

Y ~ Fkl,kz' The pdf is
r <k1 —5 /{32) y(kl_g)/g

o\ 7172
= () .
k (k14k2)/2 7
(B p (k) [y v
2 2 ko
o If T ~ tk, then T2 ~ Fl,k~
e Moments of an F' random variable. Suppose that Y ~ F}, i,. Then
(kdldr> (kz)r _
E(Y") = E =|— | E(U7)EU,"), where
o) = B() - (1) Benee:)
Uy ~xil, U2NX22, and Uy 1 Us.

(y).

Using the general expression for the moments of a y? random variable, it
can be shown that for any real valued r,

((does not exist if r > ko/2;
k1 ko
r P = ' —= -
BOT) =9 (k2 <2+W) <2 T) if < k2
SR OHCO
' —=)r\—=
\ 2 2

Using the above expression, it is easy to show that

I 2k2(ky + ky — 2
E(Y) = k2 i 5 if £ > 2 and that Var(Y) = kl(/;(_l;;(j@ _>4)

if ]{32 > 4.

3. Beta Distributions: Let U; and U, be independent y? random variables with
degrees of freedom k; and ks, respectively. Then

U+ Uy

has a beta distribution with parameters k;/2 and k9/2. That is,

Y ~ Beta (&, %). More generally, if U; ~ Gam(a;), Us ~ Gam(as), and

Ul 1 Ug, then

Ui+ Uy

If Y ~ Beta(ay, as), then the pdf of YV is

y (1 —y)
6(0[1, a2)

where (a1, as) is the beta function and is defined as
(o))
Lo + as)

Y

~ Beta(oq, 042).

fr(y) = Lo,y (y),

6(0417052) =
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e If B ~ Beta(ay, as), then

OKQB

————— ~ F5a, 90,-
a(1—B) R

e If B ~ Beta(ay, ), where a; = ap = 1, then B ~ Unif(0, 1).
e If X ~ Beta(a,as), then

D(og + 7)o + az)

E(X") = oy o + 1T (o) provided that aq + 7 > 0.
Proof:
E(Xr) B /1 xrl,al—l(l _ $)a—1dx B /1 l,al—i-r—l(]_ _ x)a—l i
0 B(au, o) 0 Bo, )
Blog + 7, az) /1 per (1 — )t d
Bla, a2) Jo Blar + 1, az)

Blar +r,a2)  T(og +7r)0(ar + az)
Blar,az)  Tlog+ oz +7)(an)’

provided that ay + r > 0, because the last integral is the integral of the
pdf of a random variable with distribution Beta(a; + 7, az).

o If F' ~ Fj, 1,, then

ki F k1 ko
7]{le + ]{;2 ~ Beta <?, 5) .



Chapter 7

ORGANIZING & DESCRIBING
DATA

The topics in this chapter are covered in Stat 216, 217, and 401. Please read this
chapter. With a few exceptions, I will not lecture on these topics. Below is a list of
terms and methods that you should be familiar with.

7.1 Frequency Distributions

1. Contingency (frequency) tables for categorical random variables, cell, marginal
distributions.

2. Bar graph for categorical and for discrete random variables.

7.2 Data on Continuous Variables

1. Stem & Leaf Displays for continuous random variables.

2. Frequency Distributions & Histograms for continuous random variables. Area
should be proportional to frequency regardless of whether bin widths are equal
or not.

3. Scatter Plots for paired continuous random variables.

4. Statistic: A numerical characteristic of the sample. A statistic is a random
variable.

7.3 Order Statistics

1. Order statistics are the ordered sample values. The conventional notation is to
denote the i*" order statistic as X(), where X1) < Xg) < X3 < -+ < X

2. Sample median: 50" percentile.

29
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Quartiles: @ = 25", Q5 = 50", and Q3 = 75" percentiles.
Interquartile Range: Q3 — Q.

Range: X(n) — X(l).

. Midrange: (X(n) —|—X(1))/2.

Mldhlnge (Ql + Qg)/2
Five Number Summary: Xy, Q1, Q2, @3, X(n).

Quantiles: For a data set of size n, the quantiles are the order statistics

Xa), .- X@m). The quantiles are special cases of percentiles (the book has this
backwards). The i*" quantile is the 100p!® percentile, where

pi = (i —3/8)/(n + 1/4). Note, the percentile is defined so that p; € (0,1) for
all i. For large n, p; = i/n.

Q-Q Plots: These are scatter plots of the quantiles from two distributions. If
the distributions are the same, then the scatter plot should show a line of
points at a 45 degree angle. One application is to plot the empirical quantiles
against the quantiles from a theoretical distribution. This is called a
probability plot. Suppose, for example, that it is believed that the data have
been sampled from a distribution having cdf F. Then the probability plot is
obtained by plotting F~*(p;) against X; for i = 1,...,n.

To visualize whether or not the data could have come from a normal
distribution, for example, the empirical quantiles can be plotted against
normal quantiles, y + o®~1(p;). For example, problem 7-17 on page 284 gives
the population densities per square mile for each of the 50 states. Below are
Q-Q plots comparing the quantiles of the data to the quantiles of the normal
distribution and to the quantiles of the log normal distribution. The
computations to construct the plots are on the following page. In the table,
the variable In(y) is labeled as w. The quantiles of the normal distribution
and the log normal distribution are

U+ Syzp, and exp {0 + Sy2p, },
respectively, where z,, = ®~1(p;) is the 100p" percentile of the standard

normal distribution.

The smallest three values correspond to Alaska, Montana, and Wyoming.
Values 46-50 correspond to Maryland, Connecticut, Massachusetts, New
Jersey, and Rhode Island, respectively.
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i Y i 2o Y+ SyZp, WA SwZy  exXp{w 4 5,2, )
1 1 0012 -224 —355.23 0.95 2.58
2 5 0.032 —-1.85 —264.99 1.52 4.58
3 5 0.052 —-1.62 —213.93 1.85 6.34
4 7 0072 —-146 —176.66 2.08 8.03
5 9 0.092 —-1.33 —146.62 2.27 9.72
6 9 0112 -1.22 —121.08 2.44 11.43
21 54 0410 -0.23 104.59 3.87 47.87
22 55 0.430 -0.18 116.19 3.94 51.53
23 62 0.450 -0.13 127.70 4.02 55.43
24 71 0470 -0.07 139.13 4.09 59.60
25 77 0490 -0.02 150.51 4.16 64.07
26 81 0.510 0.02 161.89 4.23 68.87
27 87 0.530  0.07 173.27 4.30 74.03
28 92 0.550  0.13 184.70 4.38 79.61
29 94 0570  0.18 196.21 4.45 85.64
30 95 0.590  0.23 207.81 4.52 92.18
46 429 0.908 1.33 459.02 6.12 454.22
47 638 0.928 1.46 489.06 6.31 549.64
43 733 0948  1.62 526.33 6.55 696.36
49 987 0.968  1.85 977.39 6.87 962.96
50 989 0.988  2.24 667.63 7.44 1707.73

7.4 Data Analysis

1. Random variable versus realization: Let X7, Xs,...,X,, be a random sample

from some population. Then X; is a random variable whose distribution
depends on the population at hand. Also, the distribution of X1, Xs,..., X, is
exchangeable. We will use lower case letters to denote a realization of the
random sample. That is, x1, o, ..., x, is a realization of the random sample.

. Outlier: An observation that is far from the bulk of the data.

. Random Sample: A simple random sample is a sample taken from the

population in a manner such that each possible sample of size n has an equal
probability of being selected. Note, this implies that each unit has the same

probability of being selected, but a sample taken such that each unit has the
same probability of being selected is not necessarily a simple random sample.

. Transformations of X and/or Y are sometimes useful to change a non-linear

relationship into a linear relationship.
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7.5 The Sample Mean

n n
1 . . 1 . ..
E X, is a random variable whereas 7 = — E x; is a realization.
n
i=1 i=1

1. X ==
n

3

2. (X; — X) = 0 with probability 1 and Z(xl —z)=0.
i=1 =1

3. If Xq,...,X, is a random sample without replacement from a finite
population of size N with mean ;1 and variance o2, then

E(X) = p and Var(X) =~ (1 _ ((;__11))) |

4. If X4,..., X, is a random sample with or without replacement from an infinite
population or with replacement from a finite population with mean p and

variance o2, then
2

E(X) =y and Var(X) = 7.

n

7.6 Measures of Dispersion

n

Z(X,- — X)? is a random variable whereas
i=1

1
n—1

1. Sample variance: S* =

n

9 1 2. o

s = E (x; — Z)* is a realization.
n—14&

1=

2. If Xy,...,X, is a random sample with or without replacement from an infinite
population or with replacement from a finite population with mean ux and
variance 0%, then

E(S%) = o%.
Proof: First write (X; — X)? as
(X; - X)2=X2—2X;X + X.

Accordingly,

1 = —
% = — [E X2 —nX’
i=1

Recall that if Y is a random variable with mean py and variance 0%, then
E(Y?) = u2 + o2. In this application, E(X ) = 2 + 0% /n. Accordingly,

1 2 2 s | 0% 2
1 n(px +ox) —n{px +—= || =ox.
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3. Let Y1,...,Y, be a sample with sample mean Y and sample variance SZ.

Define X; by X; = a + bY; for i = 1,...,n. Then the sample mean and sample
variance of X1,..., X, are

X =a+bY and S5 = b*SZ.

Proof:
X=13 X =13 (@)
i3 i3
1 n
:—<na+b YZ):a—l—bY
n =1
Also,
1 12 1 —\ 12
1 12 1 —2
= n_lz [bY; —bY]" = n_1b2z Y, - Y] =b"S}.
This result also holds true for realizations yi, ya, ..., Yn.

. MAD =n 3" | |X; — X| or, more commonly, MAD is defined as

MAD =n~1'Y"" | |X; — M|, where M is the sample median.

. Result: Let g(a) = Y"1, |X; — a|. Then, the minimizer of g(a) with respect to

a is the sample median.

Proof: The strategy is to take the derivative of g(a) with respect to a; set the
derivative to zero; and solve for a. First note that we can ignore any X; that
equals a because it contributes nothing to g(a). If X; # a, then

d d
_ R — L 2
da|XZ d da (Xi —a)

Accordingly,

d n
o9 = D [ csoxy (@) + Iix, 00) ()]
i=1
= —#Xs larger than a + # Xs smaller than a.

Setting the derivative to zero implies that the number of X's smaller than a
must be equal to the number of Xs larger than a. Thus, a must be the sample
median.
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7.7 Correlation

1. Let (X1,Y1),(Xs,Y2),...,(X,,Y,) be a random sample of ordered pairs from a
population having means (ux, py), variances (0%, 0% ), and covariance oxy.
The sample covariance between X and Y is

n

2. The equation for Sxy can be written as

i=1

1 g —
SX7Y == m [ZXZY; —nXY|.

Proof: Multiply the X and Y deviations to obtain the following:

1 - —

1 n _n _n o
:n_llgxm—yzxi—x;nJrnxy
1 - ——
= [;X,-Yi—nYX—nXY—I—nXY

1
n—1

i=1

3. If the population is infinite or samples are taken with replacement, then
E(Sxy) =oxy.

Proof: First note that oxy = E(X;Y;) — uxpy and, by independence,
E(X,Y)) = pxpy if i # j. Also

X7 (X (Tn) - A s
=1 j=1 i=1 j=1
= % [ZXiE+ZXiY}
i=1

i#]

Therefore,

1
E(Sxy) = —E

- 1 1
;Xm—ggxm—gxxm

]

1 1\ « 1
:n_lEKl—E);X,-Yi—EZXin

]
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1
n—1
= E(XiY;) — E(X;Y)) = E(X3Y;) — uxpy = oxy.

[(n = DE(X;Y;) — (n — 1)E(X;Y))]

4. Sample Correlation Coefficient:
def  SXY

5. fU;=a+bX; and V = c+ dY; for e = 1,...,n, then the sample covariance
between U and V is

Suy =bdSxy.
Proof: By the definition of sample covariance

n

1

Svy = o1 (Ui-0U)(Vi-V)
:nili[a—kb)(i—(a—i—bY)} [c+dY; — (c+dY)]
:nili(bx,-—ﬁ) (dY; — dY)

=1

bd Y (Xi—X) (Y;—Y) = bdSx.y.

i=1

1
n—1

6. fU;=0a+bX; and V = c+dY; for e =1,...,n, then the sample correlation
between U and V is
Tuyv = Slgl’l(bd) rxy-

Proof: By the definition of sample correlation,

o Suv _ bdSxy
VSisE \J1Psk sy
_bd  Sxy

il Jsz s

= sign(bd) rx.y.



Chapter 8

SAMPLES, STATISTICS, &
SAMPLING DISTRIBUTIONS

1. Definition: Parameter—A characteristic of the population.

2. Definition: Statistic—A characteristic of the sample. Specifically, a statistic is
a function of the sample;

T =g(X1,Xo,...,X,) and t = g(z1, 22, ...,2y).

The function 7" is a random variable and the function ¢ is a realization of the
random variable. For example, T} = X and T, = S% are statistics.

3. Definition: Sampling Distribution—A sampling distribution is the distribution
of a statistic. For example, the sampling distribution of X is the distribution
of X.

8.1 Random Sampling
1. Some non-random samples
e Voluntary response sample: the respondent controls whether or not s/he

is in the sample.

e Sample of convenience: the investigator obtains a set of units from the
population by using units that are available or can be obtained
inexpensively.

2. Random sampling from a finite population

e Procedure: select units from the population at random, one at a time.
Sampling can be done with or without replacement.

e Properties of random sampling

— The distribution of the sample is exchangeable

67
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— All possible samples of size n are equally likely (this is the definition
of a simple random sample).

— Each unit in the population has an equal chance of being selected.

e Definition: Population Distribution—the marginal distribution of X,
where X; is the value of the i*" unit in the sample. Note, the marginal
distribution of all X;s are identical by exchangeability.

3. Random sample of size n

e In general, a random sample of size n has many possible meanings (e.g.,
with replacement, without replacement, stratified, etc.).

e We (the text and lecture) will say “random sample of size n” when we
mean a sequence of independent and identically distributed (iid) random
variables. This can occur if one randomly samples from a finite
population with replacement, or randomly samples from an infinite
population. Unless it is qualified, the phrase “random sample of size n”
refers to iid random variables and does not refer to sampling without
replacement from a finite population.

e The joint pdf or pmf of a random sample of size n is denoted by

def

fx(x) =

le,Xz ..... Xn(%, €T, 7%)7

where X and x are vectors of random variables and realizations,
respectively. That is

X1 €
X T
X = .2 and x = ?
Xn Ty

The transpose of a column vector U is denoted by U’. For example,
X=X Xo -+ X,).

e Using independence,

fx(x) = [ ().

i=1

4. Example: Suppose that X, X5, ..., X,, is a random sample of size n from an
Expon(\) distribution. Then the joint pdf of the sample is

n

Fx(¢) = [ Ae ™ L i0.00) (i) = A" exp {—A > fﬁ} 10,001 (@) [z 00) (T(m))-
=1

i=1
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5. Example: Suppose that X;, X5, ..., X, is a random sample of size n from
Unifa, b]. Then the joint pdf of the sample is

n

Fx () =[]0 = ) Tap (i) = (b= @) a o) (£00)) 0y 0 ()

i=1

6. PMF of a random sample taken without replacement from a finite population.
Consider a population of size N having k£ < N distinct values. Denote the
values as v, vq, ..., v;. Suppose that the population contains M; units with
value vy, My units with value vy, etc. Note that N = Zle M;. Select n units
at random without replacement from the population. Let X; be the value of
the 7" unit in the sample and denote the n x 1 vector of Xs by X. Let x be a
realization of X. That is, x is an n X 1 vector whose elements are chosen from
V1, Vs, ...,V Then the pmf of the sample is

()

Jj=1

( )(ylvy?v"'v )
where y; is the frequency of v; in x.

Pmof Let Y for j = , k be the frequency of v; in X. Note that

Z -, Y; = n. Denote the vector of Y's by Y and the vector of ys by y. Also,
denote the number of distinct x sequences that yield y by ny. Then

fy(y) =Pr(Y =y) = fx(x) x ny,

where fx(x) is the probability of any specific sequence of z’s that contains 1
units with value vy, yo units with value vq, etc. Multiplication of fx(x) by ny
is correct because each permutation of x has the same probability (by
exchangeability). Using counting rules from Stat 420, we can show that

()

. Yj

and n, = ( " )
Y1,Y2y -+ -, Yn

7j=1
Accordingly, the pmf of the sample is

fx(x) = P(X =x) =

fy(y) =

)
1()

fx(x) = n

() )
Y1, Y2, -, Yn
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7. Example: Consider the population consisting of 12 voles, M; voles of species j
for j = 1,2,3. Suppose that X7, X5, X3, X, is a random sample taken without
replacement from the population. Furthermore, suppose that

X:(Sg S1 81 82)/,

where s; denotes species j. The joint pdf of the sample is

(Agl) (A?) <Afg) _ LMy (M — 1) Mo M
(142) (27111’ 1) 495 x 12

My (My — 1) My(12 — My — My)
11,880

fx(53781,81752) =

8.2 Likelihood

1. Family of probability distributions or models: If the joint pdf or pmf of the
sample depends on the value of unknown parameters, then the joint pdf or
pmf is written as

fx(x|6) where 8 = (6, 0> -~ 6;)
is a vector of unknown parameters. For example, if X1,..., X, is a random
sample of size n from N(u, 0?), where p and ¢ are unknown, then the joint

pdf is

S

j H
, Where 8 = .
(27T0_2)n/2 <0-2>

If @ contains only one parameter, then is will be denoted as 6 (i.e., no bold
face).

fx(x(0) = fx(x|n,0%) =

2. Likelihood Function: The likelihood function is a measure of how likely a
particular value of 0 is, given that x has been observed. Caution: the
likelihood function is not a probability. The likelihood function is denoted by
L(0) and is obtained by

e interchanging the roles of 8 and x in the joint pdf or pmf of x, and

e dropping all terms that do not depend on 6.

That is,
L(6) = L(0|x) o fx(x|6).
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3. Example: Suppose that X;, Xs,..., X, is a random sample of size n from an
Expon(\) distribution. Then the likelihood function is

provided that all s are in (0, 00). Note that the likelihood function and the
joint pdf are identical in this example. Suppose that n = 10 and that

x = (0.4393 0.5937 0.0671 2.0995 0.1320 0.0148 0.0050
0.1186 0.4120 0.3483)’

has been observed. The sample mean is Z = 4.2303/10 = 0.42303. The
likelihood function is plotted below. Ratios are used to compare likelihoods.
For example, the likelihood that A = 2.5 is 1.34 times as large as the likelihood
that A = 3;

L(2.5)

=2 = 1.3390.
L(3)

Note: the z values actually were sampled from Expon(2).

Likelihood Function for a Sample from Expon(A); n=10
0.25

0.2r

Likelihood

0.1

0.05f

4. Example: Suppose that X7, X»,..., X, is a random sample of size n from
Unif{m, b]. Then the likelihood function is

L(b) = (b - 7T)_nl[x(n)7OO](b)’
provided that x(;) > 7. Suppose that n = 10 and that
x = (5.9841 4.9298 3.7507 5.1264 3.8780 4.8656 6.0682
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4.1946 5.2010 4.3728)’

has been observed. For this sample, z(;) = 3.7507 and z(,) = 6.0682. The
likelihood function is plotted below. Note, the x values actually were sampled
from Unif (7, 27).

%107 Likelihood Function for a Sample from Unif(r,b); n=10
25 T T T T
2r i
15 b
=]
o
o
<
T
=
|
1F i
0.5F 1
O 1 1 1 | |
3 4 5 6 7 8 9 10

5. Example: Consider the population consisting consisting of 12 voles, M; voles
of species j for 7 = 1,2,3. Suppose that X7, X5, X3, X4 is a random sample
taken without replacement from the population. Furthermore, suppose that

x=(s3 s1 s1 82),
where s; denotes species j. The likelihood function is
L(My, My) = My(M; — 1)My(12 — My — M,).

Note, there are only two parameters, not three, because M; + My + M3 = 12.
The likelihood function is displayed in the table below. Note: the z values
actually were sampled from a population in which M; =5, M, = 3, and

M3 - 4
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Value of M,

My |0 1 2 3 4 5 6 7 8 9 10
0 (0 O 0 0 0 0 0O 0 0 0 0
170 O 0 0 0 0 O 0 0 0 0
2 |0 18 32 42 48 50 48 42 32 18 0
3 |0 48 84 108 120 120 108 84 48 0 O
4 |0 84 144 180 192 180 144 8 0 0 O
5 10 120 200 240 240 200 120 0 O O O
6 |0 150 240 270 240 150 O 0 O O O
7 10 168 252 252 168 0 o o0 0 0 O
8 |0 168 224 168 0 0 o o0 0 0 O
9 [0 144 144 O 0 0 O o0 0 0 0
1010 9 0 0 0 0 O 0 0 0 0
1 (0 0 0 0 0 0 O 0 0 0 0

6. Likelihood Principle:

All the information which the data provide concerning the relative
merits of two hypotheses is contained in the likelihood ratio of those
hypotheses on the data (Edwards, 1992).

73

Another way of stating the likelihood principal is that if two experiments, each

based on a model for 6, give the same likelihood, then the inference about ¢

should be the same in the two experiments.

7. Example

(a) Experiment 1: Toss a 35 cent coin n independent times. Let 6 be the

probability of a head and let X be the number of heads observed. Then

X has a binomial pmf:

where n = 20. Suppose that £ = 6 heads are observed. Then the

likelihood function is

L0z =6) = 0°(1 — 0)™.

(b) Experiment 2: The 35 cent coin was tossed on independent trials until
r = 6 heads were observed. Let Y be the number of tosses required to

obtain 6 heads. Then Y has a negative binomial pmf:

i) = (V1) =00 Ty )

where 7 = 6. Suppose that the 6" head occurred on the 20" trial. Then,

the likelihood function is

L(Aly = 20) = 6°(1 — )™,
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The likelihood principal requires that any inference about 6 be the same
from the two experiments.

(c) Suppose that we would like to test Hy: 6 = 0.5 against H,: 6 < 0.5.
Based on the above two experiments, the p-values are

P(X < 6Jn = 20,0 = 0.5) i (2;)) (1/2)(1 — 1/2)°% = 0.0577

=0
in the binomial experiment and

P(Y >20|r =6,0 =0.5) = i (Z : i) (1/2)%(1 —1/2)¥7% = 0.0318

in the negative binomial experiment. If we fail to reject Hy in the first
experiment, but reject Hy in the second experiment, then we have
violated the likelihood principle.

8.3 Sufficient Statistics

1. Definition from the textbook: A statistic, T' = ¢(X), is sufficient for a family of

distributions, fx(x|0), if and only if the likelihood function depends on X

only through 7"
L(0) = h[t(X),0].

. Usual definition: A statistic, 7' = #(X), is sufficient for a family of

distributions, fx(x|@), if and only if the conditional distribution of X given T
does not depend on 6:
Sxir(x|t, 0) = h(x).

This definition says that after observing 7', no additional functions of the data
provide information about 0. It can be shown that the two definitions are
equivalent.

. Sample Space and Partitions: The sample space is the set of all possible values

of X. It is the same as the support for the joint pdf (or pmf) of X. A statistic
partitions the sample space. Each partition corresponds to a different value of
of the statistic. A specific partition contains all possible values of x that yield
the specific value of the statistic that indexes the partition. If the statistic is
sufficient, then the only characteristic of the data that we need to examine is
which partition the sample belongs to.

. Non-uniqueness of the sufficient statistic: If 7" is a sufficient statistic, then any

one-to-one transformation of 7" also is sufficient. Note that any transformation
of T" induces the same partitioning of the sample space. Accordingly, the
sufficient statistic is not unique, but the partitioning that corresponds to 7" is
unique.
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5. Factorization Criterion (Neyman): A statistic, 7' = ¢(X) is sufficient if and
only if the joint pdf (pmf) factors as

fx(x16) = g [t(x)[6] h(x).

In some cases, h(x) is a trivial function of x. For example, h(x) = ¢, where ¢
is a constant not depending on x.

6. Example: Bernoulli trials—Let X; for i = 1,...,n be iid Bern(p) random
variables. Note, # = p. The joint pmf is

n

fx(x|p) = Hpmi(l - p>1_mif{0,1}($z‘) =p'(1—p)"™ HI{O,l}(%‘),

i=1

where y = Y | x;. Accordingly, Y = >"" | X is sufficient.

For this example, it is not too hard to verify that the conditional distribution
of X given Y does not depend on p. The conditional distribution of X given
Y =yis

P(X =x)Iy (O )
PY =y)

TT7(t =)' Iy (e Iy (Z xl)

i=1

PX=x|Y =y) =

n —
(y)py(l —p)" L0121 (Y)

ﬁf{o,l}(ﬂfz)f{y} (Z fC)

n
Ioao..m(y)
e

which does not depend on p. That is, the conditional distribution of X given a
sufficient statistic does not depend on 6.

7. Example: Sampling from Poi()\). Let Xy,..., X, be a random sample of size n
from Poi()). The joint pmf is

—n)\)\t n

HI{01 ..... s} (i), Wheret—Zx,
Hx|zl

Accordingly, the likelihood function is

fx(x[A) =

L(\) = e ™\
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and T'= 3" | X; is sufficient. Recall that T ~ Poi(n\). Therefore, the
distribution of X conditional on 7" =t is

PX=x,T=t)
P(T =1)

e—n)x)\t]{t} (Z ZL'Z> t! HI{O’I ..... oo}(xz)

)
(o)) (g) ()

11 1
= (X|T"=t) ~ multinom <t —, = ...,—).

nn n

PX=xT=t) =

Note that the distribution of X, conditional on the sufficient statistic does not
depend on .

8. Example: Suppose that X; ~ iid N(u, 1), for i =1,...,n. The joint pdf is

emo{—%E:@n—uV}
| .

fx(x|p) =

exp{—%Z(xi —f—i—i—pf}

exp {—% i(m, - x)2}
o {1 ) |

Accordingly, the likelihood function is

n

L(0) = exp {——

ﬂf—m%,

and X is sufficient for the family of distributions. This means that X contains
all of the information about p that is contained in the data. That is, if we
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want to use the sample to learn about s, we should examine X and we need
not examine any other function of the data.

9. Order Statistics are sufficient: If X7,..., X, is a random sample (with or
without replacement), then the order statistics are sufficient.

Proof. By exchangeability,
[x(X10) = fx(Xa), X2y, -, Xn)|0).

The likelihood function is proportional to the joint pdf or pmf. Therefore, the
likelihood function is a function of the order statistics and, by definition 1, the
order statistics are sufficient.

If the random sample is taken from a continuous distribution, then it can be

shown that )

n!

and this distribution does not depend on 8. Therefore, by definition 2 the
order statistics are sufficient.

P(X = X|ZL‘(1), e ,:L'(n)) =

10. The One Parameter Exponential Family: The random variable X is said to
have a distribution within the one parameter regular exponential family if

fx(x|0) = B(0)h(x) exp{Q(0) ()},

where (0) is a nontrivial continuous function of 6, and R(z) is a nontrivial
function of x. Note that if the support of X is represented as an indicator
variable, then the indicator variable is part of h(z). That is, the support
cannot depend on 6. Either or both of the functions B(f) and h(x) could be
trivial.

A random sample of size n from an exponential family has pdf (or pmf)

fx(x|60) = B(0)" exp {Q(&) Z R(:ci)} H h(z;).

By the factorization criterion, 7' = Y | R(X;) is sufficient for 6.

11. Examples of one parameter exponential families and the corresponding
sufficient statistic.

e Consider a random sample of size n from N(u,o?), where o2 is known.
Then T =37 | X, is sufficient.

e Consider a random sample of size n from N(u,o?), where u is known.
Then T = >"7"  (X; — p)? is sufficient.

e Consider a random sample of size n from Bern(p). Then T'= >"" | X, is
sufficient.
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e Consider a random sample of size k from Bin(n,p). Then T = Zle Y, is
sufficient.

e Consider a random sample of size n from Geom(p). Then 7' =" | X; is
sufficient.

e Consider a random sample of size n from NegBin(r, p), where r is known.
Then T'=>"" | X, is sufficient.

e Consider a random sample of size n from Poi(A). Then T'="" | X, is
sufficient.

e Consider a random sample of size n from Expon(A). Then T'=>"" | X
is sufficient.

e Consider a random sample of size n from Gam(a, A), where « is known.
Then T = )"" | X, is sufficient.

e Consider a random sample of size n from Gam(a, A), where A is known.
Then T'= )" | In(X;) is sufficient.

e Consider a random sample of size n from Beta(ay, as), where ay is
known. Then T'=>""  In(1 — X;) is sufficient.

e Consider a random sample of size n from Beta(ay, as), where ay is
known. Then T'=>"" | In(X,) is sufficient.
12. Examples of distributions that do not belong to the exponential family.
e Consider a random sample of size n from Unif(a,b), where a is known.
Then T = X, is sufficient by the factorization criterion.

e Consider a random sample of size n from Unif(a,b), where b is known.
Then T = Xy is sufficient by the factorization criterion.

e Consider a random sample of size n from Unif(a, b), where neither a nor b
is known. Then

is sufficient by the factorization criterion.

e Consider a random sample of size n from Unif(#, 6 + 1). Then

is sufficient by the factorization criterion.

13. Example: consider a random sample of size n from N(u, 0?), where neither
parameter is known. Write (X; — u) as

(Xz'—,u)z = [(Xi 7) (7
= (Xi—X)’+
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The likelihood function can be written as

€xp {% Z(Xz - M)z}

L(p,0%|X) = (27“72)3

exp{%z 3 [6 ~ X) 42(%, - X)X — ) + (X - m}
- - (270?)*

exp{2a2 [ 1 +n(7—u)2”
- - (270%) 2 '

By the factorization criterion,

is sufficient.

8.4 Sampling Distributions

Recall that a statistic is a random variable. The distribution of a statistic is called a
sampling distribution. This section describes some sampling distributions that can
be obtained analytically.

1. Sampling without replacement from a finite population. Consider a finite
population consisting of N units, where each unit has one of just k values,
U1, ...,V Of the N units, M; have value v; for j =1,..., k. Note that
Z?Zl M; = N. Take a sample of size n, one at a time at random and without
replacement. Let X; be the value of the ¢ unit in the sample. Also, let Y; be
the number of X's in the sample that have value v;. If
0 = (M1 My - Mk) is the vector of unknown parameters, then the joint

pmefX 7"'7XTL iS

Jj=1

fx(x]0) = -
(N) <y1ay27"'7yn>
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By the factorization theorem, Y = (Yl, Yo .- Yk)/ is a sufficient statistic.
The sampling distribution of Y is

()

k k
fx(y]0) = F<T>f{n} <Z yj) I foney (w3)-
j=1 j=1
n

Note that T = (Yl, Yy --- Yk_l)/ also is sufficient because

Yi=N— Zf;ll Y; and therefore Y is a one-to-one function of T If & = 2, then
the sampling distribution simplifies to the hypergeometric distribution.

. Sampling with replacement from a finite population that has k distinct values

or sampling without replacement from an infinite population that has k
distinct values. Consider a population for which the proportion of units having
value v; is p;, for j = 1,..., k. Note then Z?:l p;j = 1. Take a sample of size
n, one at a time at random and with replacement if the population is finite.
Let X; be the value of the i*" unit in the sample. Also, let Y; be the number of
X in the sample that have value v;. Let ' = (pl Py - pk) be the vector
of unknown parameters. The Xs are iid and the joint pmf of the sample is

Ipy y(z4)
xx10) = T111p,"™" " Ty ()
i=1 j=1
k k k
= HP?JI{n} <Zyj) Hf{o,l ..... ny (Y5)-
j=1 j=1 j=1
Accordingly, Y’ = (Yl, Yy --- Yk) is a sufficient statistic. The sampling

distribution of Y is multinomial:
n k k k
fx(y]0) = ( ) T12Y Ty (D wi | 1] Tomy (ws):
Yv.Y2,- -5 Y/ 55 ) i

If £ = 2, then the sampling distribution simplifies to the binomial distribution.

. Sampling from a Poisson distribution. Suppose that litter size in coyotes

follows a Poisson distribution with parameter X. Let Xy,..., X, be a random
sample of litter sizes from n dens. The Xs are iid and the joint pmf of the
sample is

n — .
AN

P(X = X) = H l&' 1{0717.“}(377;)
i=1 v
e—n)\)\y n

= - HI{0717,,,}(3/’2‘>7
| 1=1
g x
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where y = > x;. Accordingly, Y = Y_ X is sufficient. The sampling
distribution of Y is Poisson:

—nA Y
Fell6) = L1101 0)

4. Minimum of exponential random variables. Let T; ~ iid Expon(\) for
i =1,...,n and let T(;) be the smallest order statistic. Then the sampling
distribution of Tyy is T(1y ~ Expon(nA). See problem 6-31.

5. Maximum of exponential random variables. As in problem 6-31 Let ¢; be the
failure time for the i*" bus. Suppose that T; ~ iid Expon(A) fori=1,...,n
and let T(, be the largest order statistic. The cdf of T(, is

P(Tn) <t) = Fr, (t) = P(all buses fail before time )

= H P(T; < t) because the failure times are 1
i=1

= JJa-e?) =1 -e?) "I (t)

i=1
The pdf of T{,) can be found by differentiation:

d VI _
fr,, @) = EFT(’“ (t) = (1 —e)" nie AtI(O,oo) (t).

6. Maximum of uniform random variables. Suppose that X; ~ iid Unif(0, 6).
The Xs are iid and the joint pdf is

fx(x10) = H

1
= HnI(OO YL (n) H](Om(n) xl)

=1

T0,0)(

leH

Accordingly, X, is sufficient. The cdf of X, is
P(Xpy <) = Fx, (2)=P(all Xs <)

n

= HP(XZ- < x) because the X's are 1

DICHON
= 115 =(5) Tos(@).
Pl 0
The pdf of X(,) can be found by differentiation:

d
Fx (@) = - Fry, (1) = — 2 —T0.0)(%)-
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8.5 Simulating Sampling Distributions

1. How to simulate a sampling distribution

(a) Choose a population distribution of interest: example Cauchy with
p =100 and o = 10

(b) Choose a statistic or statistics of interest: example sample median and
sample mean

(c) Choose a sample size: example n = 25

(d) Generate a random sample of size n from the specified distribution. The
inverse cdf method is very useful here. For the Cauchy(yu, o?)

distribution, the cdf is
arctan <I _ M)
o 1
T

+ 5

FX(x‘M7O-) =

Accordingly, if U ~ Unif(0, 1), then

1
X =tan [(U - 5)7r] o + p ~ Cauchy(u, 0?).

(e) Compute the statistic or statistics.
(f) Repeat the previous two steps a large number of times.

(g) Plot, tabulate, or summarize the resulting distribution of the statistic.

2. Example: Sampling distribution of the mean; n = 25, from Cauchy with
p =100 and o = 10;

(a) Number of samples generated: 50,000
(b) Mean of the statistic: 85.44
(c) Standard deviation of the statistic: 4,647.55

(d) Plot of the statistic.
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X 10ASampIing Distribution of Sample Mean from Cauchy, n=25,u = 100, o = 10
5

Frequency
N w
N [6)] w [6)] £
T T T T T
Il Il Il Il Il

=
(92}
T
I

0 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 4
Sample Mean % 10°

(e) Most of the distribution is centered near p, but the tails are very fat. It
can be shown that the sample mean also has a Cauchy distribution with
p =100 and o = 10.

3. Example: Sampling distribution of the median; n = 25, from Cauchy with
p =100 and o = 10;

(a) Number of samples generated: 50,000

(b) Mean of the statistic: 100.01

(c) Standard deviation of the statistic: 3.35

(d) Plot of the statistic.
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Sampling Distribution of Sample Median from Cauchy, n=25,u = 100, o = 10
3000 T T T T T T T T

2500

2000

Frequency
=
a
o
)

1000

500

| 1

80 85 90 95 100 105 110 115 120 125
Sample Median

(e) Let M, be the sample median from a sample of size n from the Cauchy
distribution with parameters p and o. It can be shown that as n goes to
infinity, the distribution of the statistic

50T

converges to N(0, 1). That is, for large n,

2,2
MmN[u,aﬂ}

4n
Note, for n = 25 and o = 10, Var(M) ~ 72.

4. To generate normal random variables, the Box-Muller method can be used.
see page 44 of these notes.

8.6 Order Statistics

This section examines the distribution of order statistics from continuous
distributions.

1. Marginal Distributions of Order Statistics

(a) Suppose that X;, i =1,...,n is a random sample of size n from a
population with pdf fx(z) and cdf Fy(z). Consider X, the k™ order
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statistic. To find the pdf, fx,, (v), first partition the real line into three
pieces:

I = (co,z], I)=(z,x+dz], and I3 = (z + dx,0).

The pdf of fx,,, () is (approximately) the probability of observing k — 1
Xsin Iy, exactly one X in I and the remaining n — k Xs in I3. This
probability is

n

Pron) % (1) B0l Usteddsl 1= Pl

Accordingly (by the differential method), the pdf of X is

n

k—1 n—=k
Pran) = (1) B 1= Pl ™ (o),
(b) Example—Smallest order statistic:

Fro@) = (o)) @l = Fel™ (o

= nl—Fx(@)]"" fx(2).

(c) Example—Largest order statistic:

n n—1 0
P = (1) @™ = Pl (o)
= n[Fx(@)]" fx(2).
(d) Example—Unif(0, 1) distribution. The cdf is Fix(z) = = and the pdf of
the k'™ order statistic is

n _ .
fx (@) = (k:—l 1 n_k)xk (1= 2)" o (@)

l’k_l(l . l’)n_k
= I
Bl — k1) 00

where B is the beta function. That is, X () ~ Beta(k,n — k + 1).

(e) Example: Find the exact pdf of the median from an odd size sample. In
this case, k = (n+ 1)/2 and the pdf is

Priwrnrn@ = (s | s ) I 1= P fto)
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For example, if X has a a Cauchy distribution with parameters p and o,

then the cdf is
arctan (%)

T
and the pdf of the median, M = X(%), is
[arctan = |

n—1)/2 n—1)/2
(n—1)/ 1 arctan (%) (n—1)/
™ 2 2 T

Jaur(m) = B(n—{n—l)

2 2
1 _ 2
X —[1+<m ,u)]
o o

2. Joint Distributions of Order Statistics

1
Fx(l’): —|—§

(a) Suppose that X;, i =1,...,n is a random sample of size n from a
population with pdf fx(z) and cdf Fy(x). Consider (X k), X(m)) the k™
and m'™ order statistics, where k < m. To find the joint pdf
FX oy Xy (0, W), first partition the real line into five pieces:

I = (oo0,v], L= (v,o+dv], I3=(v+dv,wl,
Iy = (w,w+dwl], and I5 = (w + dw, o).

The joint pdf of fx,, x,,., (v, w) is (approximately) the probability of
observing k£ — 1 Xs in [, exactly one X in Iy, m — k —1 Xs in I3, exactly
one X in /4 and the remaining n —m Xs in I5. This probability is

N k=1
Pt 0 = (o h ) B0

x [fx () do]' [Fx (w) = Fx(0)]" ™" [fx (w)duw]'
X [1 = Fx(w)]"™,

n

where v < w. Accordingly (by the differential method), the joint pdf of
X(k) and X(m) is

n! k—1
P X (00) = i = k= 1)im — 1 X ()

x [Fx(w) — Fx(v)]" "' [1 = Fx(w)]"™
X fx (V) fx (W) I (y,00) (W)

(b) Example—joint distribution of smallest and largest order statistic. Let
k =1 and m = n to obtain

P (0:0) = nln = 1) [Fx(w) = Fx(0)]"
X fx (V) fx (W)L (v 00y (w).
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(c) Example—joint distribution of smallest and largest order statistics from
Unif (0, 1). The cdf is Fx(z) = = and the joint distribution of X (1) and
X(n) is

IX0) X (v,w) =n(n—1)(w— U)"_zf(vyoo) (w).
3. Distribution of Sample Range

(a) Let R = X,y — X(1). The distribution of this random variable is needed
to construct R charts in quality control applications and to compute
percentiles of Tukey’s studentized range statistic (useful when making
comparisons among means in ANOVA). To find the pdf of R, we will first
find an expression for the cdf of R:

P(R<r) = Fg(r)=PXw - X <r]=PX@p <7+ Xo)
= PlXq < Xy <7+ Xo)
because X(;) < X(,) must be satisfied

[e%} v+
= / / fX(l),X(n) ('U,w) dUJd'U

To obtain fr(r), take the derivative with respect to r. Leibnitz’s rule can
be used.

e Leibnitz’s Rule: Suppose that a(@), b(#), and g(z, ) are
differentiable functions of §. Then

b(6)
d% " 9(@,0)dz = g[b(0),0] ib(@)—g[a(&)’g] ia(g)

Accordingly,

d d oo v+r
fr(r) = %FR(T):% ] Ix )X (0, W) dw dv

> d v+r
N / dr / fX(l)vX(n) (v, w) dw dv

o0 d d
— /_ [fX(l),X(n)(v,v—l—r)%(v—Fr)—fXWX(n)(v,v)%v dv

OOOO v+r d
! /—oo /v %fX(Uva) (v, w) dw dv

= / fx X (v, 0+ 1) do.

(b) Example—Distribution of sample range from Unif(0, 1). In this case, the
support for X(1), X() is 0 <v <w < 1. Accordingly, fx . x,, (v,v+71)is
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non-zero only if 0 < v < v+ r < 1. This implies that 0 < v <1 —r and
that r € (0,1). The pdf of R is

fr(r) = /0 - nin—Dw+r—v)"2dv=n(n—1)r"%1 - 7)1 0,1)(7)

"2 (1 —7)

—] .
Bln—1,2) 00")
That is, R ~ Beta(n — 1, 2).

4. Joint distribution of All Order Statistics. Employing the same procedure as
for a pair if order statistics, it can be shown that the joint distribution of
X(l), ce ,X(n) is

n
IX X (T15 - T0) = 1! fo(xl) where 21 < zy < -+ < .
i=1

8.7 Moments of Sample Means and Proportions

Let Xi,...,X, be arandom sample of size n taken either with or without
replacement from a population having mean py and variance o%. Denote the
support of the random variable X by Sx. The following definitions are used:

_ 1 <&
X:g;)@-

1 n
52)@- if Sy = {0,1}
=1

3>
I

n

1 — 1 u —2
S2 = n_lz(Xi—XY:n_l[ZXf—nX] and
i=1

1=1

IS —o_ np(l—p) .
2 o 2 _ A =
Sy = — ;:1 (X; — X) 1 if Sx = {0,1}.

This section examines the expectation and variance of X and p; the expectation
of S%; and unbiased estimators of Var(X). The following preliminary results are
important and could be asked for on exams:

E(Xy) = px; (8.1)
Var(X;) = o%; (8.2)
E(X?) = px+0%;

Var(X) = n? zn:Var(Xi)+ZCov(X,-,Xj) ; (8.4)
i=1 i#j
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0 if sampling with replacement,
COV(XZ‘,XJ') = o2 (85)
—+~7 if sampling without replacement; and
E(X) = &+ Var(X). (8.6)
The result in equation 8.5 is true because Xy, ..., X,, are iid if sampling with

replacement and

N
Var (Z XZ) = 0= N Var(X;) + N(N — 1) Cov(X;, X,)
i=1
if sampling without replacement. The remaining results in equations 8.1-8.6 follow
from exchangeability and from the definition of the variance of a random variable.

Be able to use the preliminary results to prove any of the following results. See
pages 63 to 64 of these notes.

1. Case I: Random Sample of size n = X1, X, ..., X,, are iid.

(a) Case la: Random Variable has Arbitrary Support
COV(XZ‘,XJ') =0 for ¢ 7é‘]
Var(X) = E(X7?) — [E(X;)]” = 0%

[ E(X) = Ux-.
- 0'2

o Var(X) = =X,
n
o E(5%) =0%.

2 2

o E (S—X) =X - Var(X).
n n
(b) Case Ib: Random Variable has Support Sx = {0, 1}

L COV(XZ‘,XJ') =0 for ¢ ?é]

o Var(X) = E(X2) — [B(X,) = 0% = p(1 — ).
o E(p) =p.
e Var(p) = ﬁ = p(l —p).

e E(S%) = 0% = p(1 — p). When taking large samples from a binary
population, 0% = p(1 — p) is usually estimated by 62 = p(1 — p)
rather than S% = p(1 — p)-"5. Note that 6% has bias —p(1 —p)/n.

S? 1—
o E (—X) PP ),

n n

2. Case II: Random Sample of size n without replacement

(a) Case Ila: Random Variable has Arbitrary Support
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[ E(XZ) = Ux.
2
o Cov(X;, X;) = —UWX for i # j
o Var(X) = B(X?) - [E(X,)]? = 0%
(] E(7> = Ux-.
2
< _ 0Xx ~n—1
e Var(X) = - (1 N—l)
N
2y _ 2
o E(SX)—JXN_l.

¢ E l% (1- %)} - % (1 = ;__11) = Var(X).

(b) Case IIb: Random Variable has Support Sx = {0, 1}

e E(X;) =p.

o Cov(X;, X;) = —% - _p(1]\; D) for i £ j

o Var(X) = B(X?) - [E(X)] = 0% = p(1 ~p)

e E(p) =p.

vt = 5 (10 5 < M (1 5
B =8 (") ok () =r-) ()

B[ (-] =r[h (- 9)] -

MO— ”_1) = Var(p).

n

8.8 The Central Limit Theorem (CLT)

Theorem Let X1, Xs, ..., X,, be a random sample of size n from a population with
mean ux and variance o%. Then, the distribution of

7 :Y—MX
" Ux/\/ﬁ

converges to N(0,1) as n — oc.
The importance of the CLT is that the convergence of Z,, to a normal
distribution occurs regardless of the shape of the distribution of X. Transforming

from Z, to X reveals that
2
n

if n is large.
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1. The asymptotic distribution of X is said to be N(ux, 0% /n). The limiting
distribution of X is degenerate lim Pr(X = px) = 1.

2. Another way to express the CLT is

lim Pr (M < c) = ®(c).

n—~o0

0x

Note, equation (2) on page 341 of the text is not correct. It should be

_ 0 ife<py,
lim P(X < ¢) — fx
n—00 1 ifec> px.
3. Application to Sums of iid random variables: If Xy, X5, ..., X, are iid from a

population with mean py and variance 0%, then

E(in> = nux,
Var <i X;| = no%, and

——<c¢| = ¥).

4. How large must n be before X is approximately normal? The closer the
parent distribution is to a normal distribution, the smaller is the required
sample size. When sampling from a normal distribution, a sample size of
n = 1 is sufficient. Larger sample sizes are required from parent distributions
with strong skewness and/or strong kurtosis. For example, suppose that
X ~ Expon(\). This distribution has skewness and kurtosis

E(X — px)*

E(X — 3
(—?W:2andf<4:—4—3:6,
0')5( Ox

R3 =

where pux = 1/X and 6% = 1/)\?. The sample mean, X has distribution
Gam(n,n\). The skewness and kurtosis of X are

E(X — uy)? 2 E(X — uy)? 6
K = ( g,UX) _ and K, = ( 4#}() I —
O'% \/ﬁ O-Y n

where p = 1/X and 02 = 1/(n)\?). Below are plots of the pdf of Z, for
n =1,2,5,10,25,100.

|
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1 0.8
0.6f n=2
n=1
5 K,=14
go05 Ky=2 0.4 3
- K, =3
K,=6 0.2 4
0 0
-4 -2 0 2 4 -4 -2 0 2 4
0.8 0.8
0.6f n=5 0.6 n=10
§0.4 Ky = 0.89 0.4l K3= 0.63
02 K= 1.2 02l %= 0.6
0 0
-4 -2 0 2 4 -4 -2 0 2 4
0.8 0.8
0.6 n=25 0.6f n=100
“204 K3=0.4 0.4 K3=0.2
02} K,=024 0.2} k,=0.06
0 0
-4 -2 0 2 4 -4 -2 0 2 4
z z

5. Application to Binomial Distribution: Suppose that X ~ Bin(n,p). Recall
that X has the same distribution as the sum of n iid Bern(p) random
variables. Accordingly, for large n

p~ N (p, Lln_m) and

ﬁ(c—m)

Pr(p <c) %@( )

6. Continuity Correction. If X ~ Bin(n,p), then for large n
X ~ Ninp,np(l —p)] and

1 1
Pr( X =xz) = Pr(a?—§§X§x—l—§) forzr=0,1,...,n

~ | EE0D ) L[z 05—mp)
np(1 —p) np(1l —p)
Adding or subtracting 0.5 is called the continuity correction. The continuity
corrected normal approximations to the cdfs of X and p are

1
Pr(X <z) = Pr<X§x+§) forz=0,1,...,n; and

~ O x4+ 05—np
np(1 —p)
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0
n

S|
S
SI3

Y

1
Pr(p<c¢) = Pr(ﬁgc—l——) for c =
2n

R Q)(\/ﬁ(CjL%_ >>
p(1—p)

8.9 Using the Moment Generating Function
1. Let X1, X5,..., X, be arandom sample of size n. We wish to find the

distribution of X. One approach is to find the mgf of X and (hopefully) to
identify the corresponding pdf or pmf. Let ¢ x(t) be the mgf of X. The mgf of

X is
Yilt) = E <exp {gsz

because the X's are identically distributed.

2. Example: Exponential distribution. If X;, X5, ..., X, is a random sample of
size n from Expon(A), then

oxtt) = 2 vzt = (2) = (2)

which is the mgf of Gam(n,n\).

3. Example: Normal Distribution. If X7, X5,..., X, is a random sample of size n
from N(px,0%), then

t2 2
Yx(t) = exp {tﬂx+ X} and
t 202\ \" t20%
Ux(t) = (exp{;uer 52 }) = exp {tux+ ™ }

which is the mgf of N(ux, 0% /n).
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4. Example: Poisson Distribution. If X, Xs,..., X, is a random sample from
Poi(\), then
Yx(t) = A1) and
wy@) _ en)\(et—l)’
where Y = > | X; = nX. Accordingly, nX ~ Poi(n)) and

e—nA)\nm 01 s
X < —— forz=> -2 ..
0 otherwise.

5. A useful limit result. Let a be a constant and let o (n~!) be a term that goes
to zero faster than does n~!. That is,

o(n7h)

i 20— o) =0
Then a .
lim [1 +——+o (n_l)] = e’
n— o0 n
Proof:
lim [1 + % +o0 (n_l)]n = lim exp {nln [1 + % +o (n_l)} }

= exp{lim nln [1+2+0(n_1)}}.

n—o0 n
The Taylor series expansion of In(1 + €) around € = 0 is
© (_1)i+1€i 62 E3 64
In(1 _ — e — — ...
Il( ‘I‘E) ; i € + + )
provided that |¢] < 1. Let € = a/n + o (n™!). If n is large enough to satisfy
la/n+o(n™)| <1, then

In [1—1— % —l—o(n_l)} = —+0(n_1)

= = +o(n")

because terms such as a?/n? and ao (n™!) /n go to zero faster than does 1/n.
Accordingly,

lim [1+%+0(n_1)]n = exp{lim nln[l—i—%—l—o(n_l)]}

n—oo n—oo
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= exp { lim n [% +o0 (n_l)] }

n—oo

= exp { lim a + no (n_l)}

n—oo

= exp{a+0} = e

6. Heuristic Proof of CLT using MGF: Write Z,, as

X — px
Ux/\/ﬁ

%ZXi — HUXx
ox/vn
> )

) ox/vn

" 7 X; —
= Z Z,Whererzi’uX
=V ox

= ZUZ" where U; = —=.
i=1 Vi

Note that 7y, Zs, ..., Z, are iid with E(Z) = 0 and Var(Z;) = 1. Also,
Uy, Us, ..., U, are iid with E(U;) = 0 and Var(U;) = 1/n. If U; has a moment

generating function, then it can be written in expanded form as

Ly =

_ X H .
u(t) = B(e) = SEW7)
=0 7’

t? 3 t
= 1+tEU;) + 5E(U§) + gE(Uf’) + —BU} + - -

4l
E(Z;) | PE(ZP) |, PEZP) | PEEZY

vio 2 n 3 pi 4 n2
t2
= 14+ — -1,
—I—2n+0(n )

Therefore, the mgf of 7, is

bz, (t) = E(exp{tZn})

- s fu)

= [y, (t)]" because Uy, Us, ..., U, are iid

= l1+%+o(n—l)]n.

= 1+t
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Now use the limit result to take the limit of 1z (t) as n goes to oo:

t> " t°
lim 9z, (f) = lim |14+ — 40 (n 1)] :exp{—}

which is the mgf of N(0,1). Accordingly, the distribution of Z,, converges to
N(0,1) as n — oo.

8.10 Normal Populations

This section discusses three distributional results concerning normal distributions.
Let Xi,..., X, be a random sample from N(u, c?). Define, as usual, the sample
mean and variance as

n

X=n") X;and S3 = (n—-1)7" ) (X; - X)*

i=1 i=1

Recall, that X and S% are jointly sufficient for y and o2. The three distributional
results are the following.

(n—1)5%
2‘ 0_2 X ~ X727,—1
3. X uS%.

We have already verified result #1. The textbook assumes that result #3 is
true and uses results #1 and #3 to prove result #2. The argument relies on
another result; one that we already have verified:

n n

D (Xi—p)? = (X=X +n(X —p)

i=1 i=1

Divide both sides by o2 to obtain

Let
i M = —H
Z; = dlet 7 =——.
g e a/v/n
Note that Z; ~ iid N(0,1) and that Z ~ N(0,1). The equality in equation 8.7 can
be written as

Z:Z2 n_l (=D | 7
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The left-hand-side above is distributed as x? and the second term of the
right-hand-side is distributed as x2. If X and S% are independently distributed,
then the two right-hand-side terms are independently distributed. Using the second
result at the top of page 248 in the text (see page 53 of these notes), it can be
concluded that (n —1)S% /02 ~ x2_,.

We will not attempt to prove result #3. It is an important result that is proven
in the graduate linear models course (Stat 505).

8.11 Updating Prior Probabilities Via Likelihood

1. Overview: This section introduces the use of Bayes rule to update
probabilities. Let H represent a hypothesis about a numerical parameter 6. In
the frequentist tradition, the hypothesis must be either true or false because
the value of 6 is a fixed number. That is P(H) =0 or P(H) = 1.

In Bayesian analyses, prior beliefs and information are incorporated by
conceptualizing 6 as a realization of a random variable ©. In this case, P(H)
can take on any value in [0, 1]. The quantity, P(H) is called the prior
probability. It represents the belief of the investigator prior to collecting new
data. One goal of Bayesian analyses is to compute the posterior probability
P(H|X = x), where X represents new data. By Bayes rule,

P(H,X = x)
P(X =x)
P(X =x|H)P(H)
P(X =x|H)P(H)+ P(X =x|H¢)P(H®)

P(HIX = x)

The quantity P(X = x|H) is the likelihood function. The quantity P(X = x)
does not depend on H and therefore is considered a constant (conditioning on
X makes X a constant rather than a random variable). Accordingly, Bayes
rule can be written as

P(H|X = x) oc L(H|x)P(H).

That is, the posterior is proportional to the prior times the likelihood
function. Note, the functions P(X = x|H) and P(X = x) are either pmfs or
pdfs depending on whether X is discrete or continuous.

2. Example: The pap smear is a screening test for cervical cancer. The test is
not 100% accurate. Let X be the outcome of a pap smear:

% 0 if the test is negative, and
1 if the test is positive.

Studies have shown that the false negative rate of the pap smear is
approximately 0.1625 and the false positive rate is approximately 0.1864.
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That is, 16.25% of women without cervical cancer test positive on the pap
smear and 18.64% of women with cervical cancer test negative on the pap
smear. Suppose a specific woman, say Gloria, plans to have a pap smear test.
Define the random variable (parameter) © as

0 if Gloria does not have cervical cancer, and
1 if Gloria does have cervical cancer.

The likelihood function is

P(X=0©=1) = 0.1625; P(X=160=1)=1-0.1625 = 0.8375;
P(X=0©=0) = 1-0.1864 =0.8136; and P(X = 1|© = 0) = 0.1864.
Suppose that the prevalence rate of cervical cancer is 31.2 per 100,000 women.

A Bayesian might use this information to specify a prior probability for

Gloria, namely P(© = 1) = 0.000312. Suppose that Gloria takes the pap
smear test and the test is positive. The posterior probability is

P(X =1|0@ =1)P(© = 1)

PO=1X=1) = PIX =)
_ P(X=1©=1)P(6=1)
- PX=10=1)PO=1)+P(X =1/0 =0)P(© =0))
B (0.8375)(0.000312) — 0.0014
~(0.1864)(0.999688) + (0.8375)(0.000312)

Note that

PO=1X=1) _ 0.0014 4488
PO=1) 0.000312

so that Gloria is approximately four and a half times more likely to have
cervical cancer given the positive test than she did before the test, even
though the probability that she has cervical cancer is still low. The posterior
probability, like the prior probability, is interpreted as a subjective probability
rather than a relative frequency probability. A relative frequency
interpretation makes no sense here because the experiment can not be
repeated (there is only one Gloria).

. Bayes Factor (BF): One way of summarizing the evidence about the

hypothesis H is to compute the posterior odds H divided by the prior odds H.
This odds ratio is called the Bayes Factor (BF) and it is equivalent to the
ratio of likelihood functions. Denote the sufficient statistic by T. In the pap
smear example, T'= X because there is just one observation. Denote the pdfs
or pmfs of T given H or H® by frg(t|H) and frge(t|H¢), respectively. The
marginal distribution of T is obtained by summing the joint distribution of T
and the hypothesis over H and H*®:

mr(t) = foyp(t[H)P(H) + frige(t|H)P(H®).
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The Posterior odds of H are

, P(H|T =t) P(H|T =t)
posterior Odds of H = 1= P(H|T = ©) = PUHT = t)
Joia (6 H)P(H) _ frue(6H)P(H)

mr(t) . mr(t)
friu(t|H)P(H)
froje(t|He)P(H®)

The prior odds of H are

P(H) _ P(H)

Prior Odds of H = = P(H) = P(HC)'

4. Result: The Bayes Factor is equivalent to the ratio of likelihood functions,

_ fou(t|H)
bl = foyme (t|He)

Proof:

Posterior odds of H  P(H|T =t)/P(H°|T =t)
Prior odds of H P(H)/P(H?)
fom(C|H)P(H)  P(H)  fru(t|H)

frye((|HO)P(H) ~ P(H®)  frjpe(t|H°)

BF =

which is the ratio of likelihood functions.

Frequentist statisticians refer to this ratio as the likelihood ratio. A Bayes

factor greater than 1 means that the data provide evidence for H relative to
H¢ and a Bayes factor less than 1 means that the data provide evidence for

99

He¢ relative to H, For the cervical cancer example, the hypothesis is © = 1 and

the Bayes factor is

P(X=10=1) 0.8375

BF = =
P(X=1©0=0) 0.1864

= 4.493.

The above Bayes factor is nearly the same as the ratio of the posterior
probability to the prior probability of H because the prior probability is
nearly zero. In general, these ratios will not be equal.

8.12 Some Conjugate Families

1. Overview: Let X1, X5, ..., X, be a random sample (with or without
replacement) from a population having pdf or pmf fx(z]@). A first step in
making inferences about @ is to reduce the data by finding a sufficient
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statistic. Let T be the sufficient statistic and denote the pdf or pmf of T by
frje(t]|@). Suppose that prior beliefs about @ can be represented as the prior
distribution gg(@). By the definition of conditional probability, the posterior
distribution of @ is

_ Jex(0,t) _ frie(t]0) go(0)
mr(t) mr(t)

9@|T(9|t)

Y

where mr(t) is the marginal distribution of T which can be obtained as
ma(t) = [ fro(t.0)d0
- /fT|e)(t|9)9®(9) de.

Integration should be replaced by summation if the prior distribution is
discrete.

In practice, obtaining an expression for the marginal distribution of T may be
unnecessary. Note that mrp(t) is just a constant in the posterior distribution.
Accordingly, the posterior distribution is

ger(0|t) o< L(0|t) go (@) because L(0|t) xx frie(t]d). (8.8)

. The kernel of a pdf or pmf is proportional to the pmf or pdf and is the part of

the function that depends on the random variable. That is, the kernel is
obtained by deleting any multiplicative terms that do not depend on the
random variable. The right-hand-side of equation (8.8) contains the kernel of
the posterior. If the kernel can be recognized, then the posterior distribution
can be obtained without first finding the marginal distribution of T.

The kernels of some well-known distributions are given below.

(a) If © ~ Unif(a,b), then the kernel is I(4) (0).
(b) If © ~ Expon(\), then the kernel is e ™I (g ) (6).

(¢) If © ~ Gamma(a, ), then the kernel is 6% te 1 ..\(6).
0

A
(d) If © ~ Poi(A), then the kernel is al{07172,,,,}(9).

(e) If © ~ Beta(a, 3), then the kernel is §*71(1 — 6)°1151)(0).
(f) If © ~ N(u,0?), then the kernel is e 302 (07 20m),

Conjugate Families: A family of distributions is conjugate for a likelihood
function if the prior and posterior distributions both are in the family.

Example 1. Consider the problem of making inferences about a population
proportion, f. A random sample X1, X, ..., X,, will be obtained from a
Bernoulli(6) population. By sufficiency, the data can be reduced to Y = ) X,
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and conditional on © = 6, the distribution of Y is Y ~ Bin(n, #) One natural
prior distribution for © is Beta(a, 3). Your textbook gives plots of several
beta pdfs on page 356. The lower left plot is not correct. The beta parameters
must be greater than zero. The limiting distribution as o and ( go to zero is

01— 0)P ! 1 0e{0,1}
lim =
a—0,5—0 B(O./, ﬁ)

0 otherwise.

The parameter o — 1 can be conceptualized as the number of prior successes
and 3 — 1 can be conceptualized as the number of prior failures.

(a) Prior:
01— gt
99(8|O‘76> - B(Oz,ﬁ) ](071)(‘9)'

(b) Likelihood Function:

Friol) = (Z) V(1 — 0)" VT (y) and
L(8ly) = 6"(1 — 6)".
(c) Posterior:

go-1(1 — )Pt
ny 1 .
B o

The kernel of the posterior is §¥*o~1(1 — §)"=¥+P-1 Accordingly, the

posterior distribution is Beta(y + «,n — y 4+ ). Note that the posterior
mean (a point estimator) is

9@|Y(9|a75,y) oc 0Y(1 —0)

Y+
BOY =v) = 55

(d) Note that both the prior and posterior are beta distributions.
Accordingly, the beta family is conjugate for the binomial likelihood.

5. Example 2. Consider the problem of making inferences about a population
mean, 6, when sampling from a normal distribution having known variance,
o?. By sufficiency, the data can be reduced to X. One prior for © is N(v, 72).

(a) Prior:
e—#g(e—uf
Olv,7) = ———
(b) Likelihood Function:

Fxo(l0,0%) = 20° and
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(c) Posterior:

__1 6—v)?
e — B (62—236)
g@‘y(9|a, U, T,T) X ————¢ 22 )

V2?2

The combined exponent, after dropping multiplicative terms that do not
depend on 6 is

1(n

-5 {_(92 —207) + %(92 - 201/)}

o2 T

o 1fn 1 ) n 1\ '/in v
——§(§+ﬁ){9—29(§+ﬁ) <?+§>+C}
1 1 1\ !z ’
n n m v .
__§<§+§>{9_<§+§) (?+ﬁ)} +C

where C' and C* are terms that do not depend on 6. Note, we have
“completed the square.” This is the kernel of a normal distribution with
mean and variance

_ n 1 -1 Trn v B n 1 -1
E©|z) = <§ + ﬁ) (? + ﬁ) and Var(©|z) = <g + ﬁ)

(d) Note that both the prior and the posterior are normal distributions.
Accordingly, the normal family is conjugate for the normal likelihood
when o2 is known.

(e) Precision. An alternative expression for the posterior mean and variance
uses what is called the precision of a random variable. Precision is
defined as the reciprocal of the variance. Thus, as the variance increases,
the precision decreases. Your textbook uses the symbol 7 to stand for
precision. For this problem

n 1 n 1
and gy = — + = =7y + Te.

o2 72

That is, the precision of the posterior is the sum of the precision of the
prior plus the precision of the data. Using this notation, the posterior
mean and variance are

_ T~ _ 7T(—) _ -1
(0)7) Wy_l_ﬂ@x—l— 7T7+7T@V and Var(0|z) = (nx¢ + 7o)

Note that the posterior mean is a weighted average of the prior mean and
that data mean.

8.13 Predictive Distributions

1. The goal in this section is to make predictions about future observations,
Y1, Yy, ..., Ye. We may have current observations Xy, Xy,..., X, to aid us.
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2. Case I: No data available. If the value of 8 is known, then the predictive
distribution is simply the pdf (or pmf), fY‘ p(¥|0). In most applications 6 is
not known. The Bayesian solution is to integrate 8 out of the joint
distribution of (®,Y). That is, the Bayesian predictive distribution is

fx(y) = Ee [fyie(y|0)]
- / fvio(y16)g0(8) d6,

where gg(€) is the prior distribution of ®. Replace integration by summation
if the distribution of ® is discrete.

3. Case II: Data available. Suppose that X, X5, ..., X, has been observed from
fxj@(x|@). Denote the sufficient statistic by T and denote the pdf (pmf) of T
given @ by frje(t|@). The Bayesian posterior predictive distribution is given
by

fye(ylt) = Eepr [fY|G)(Y|0)]
- /fY|G)(Y|9)gG)T(0|t)d07

where geg T (0|t) is the posterior distribution of ®. Replace integration by
summation if the distribution of © is discrete. The posterior distribution of @
is found by Bayes rule

goir(0[t) o< L(0]t)ge(0).

4. Example of case I. Consider the problem of predicting the number of successes
in k£ Bernoulli trials. Thus, conditional on ® = 6, the distribution of the sum
of the Bernoulli random variables is Y ~ Bin(k, ). The probability of success,
0 is not known, but suppose that the prior belief function can be represented
by a beta distribution. Then the Bayesian predictive distribution is

fry) = /01 (k) 6v(1 — g)k_yea‘l(l _ 9)6—1d9

y B(a, B)
k\Bla+y,B+k—y)
[ .
(y) B(a, B) 0.1,..81(Y)
This predictive pmf is known as the beta-binomial pmf. It has expectation
a
E(Y) =Eeo [E(Y — Eo(kO) = k .
(Y) = Ee [E(Y[O)] = Ee(kO) T

For example, suppose that the investigator has no prior knowledge and
believes that © is equally likely to be anywhere in the (0, 1) interval. Then an
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appropriate prior is Beta(1, 1), the uniform distribution. The Bayesian
predictive distribution is

fy(y):<k)B(1+y,1+k—y) 1

I S
y B(1,1) 01,43 (¥) Eg 1 (0L K (y)

which is a discrete uniform distribution with support {0,1,...,k}. The
expectation of Y is E(Y) = k/2.

Example of case II. Consider the problem of predicting the number of
successes in k Bernoulli trials. Thus, conditional on © = 6, the distribution of
the sum of the Bernoulli random variables is Y ~ Bin(k, #). A random sample
of size n from Bern(6) has been obtained. The sufficient statistic is T'= > X
and T ~ Bin(n, #). The probability of success, € is not known, but suppose
that the prior belief function can be represented by a beta distribution. Then
the posterior distribution of © is

n—t 901—1(1 - 6)6_1
B(a, B)

By recognizing the kernel, it is clear that the posterior distribution of © is
beta(t + o,n — t + ). The Bayesian posterior predictive distribution is

[ (P gt gy
Srir(ylt) = /0 (y)@ (1=9) B(t+a,n—t+3) “

B (k)B(a+t+y,ﬂ+n—t+k:—y)
\y B(t+a,n—t+ )

gerr(O]t) o (7;) 6'(1 — 0)

Ioa,. ey (y)-

This is another beta-binomial pmf. It has expectation

a+t

E(Y)=Eg[E(Y|O)] = Eq(kO) = k:n o
For example, suppose that the investigator has no prior knowledge and
believes that O is equally likely to be anywhere in the (0,1) interval. Then an
appropriate prior is Beta(1, 1), the uniform distribution. One Bernoulli
random variable has been observed and its value is x = 0. That is, the data
consist of just one failure; n = 1,¢ = 0. The posterior distribution of © is
Beta(1,2) and the Bayesian posterior predictive distribution is

fY\T(y|t) = <§) B(l +gi:)k — y)I{O,l ..... k}(y) = %l{m ..... k}(y).

The expectation of Y is E(Y') = k/3.
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9.1 Errors in Estimation

1. Estimator versus Estimate: An estimator of a population parameter, say 6, is
a function of the data and is a random variable. An estimate is a realization of
the random variable.

2. Variance and Bias: Let T'= T'(X) be an estimator of . The bias of T is
br =E(T'—0) = E(T) — 0. If by = 0, then T is unbiased for 6. The variance of
T is 02 = E(T — pr)?, where ur = E(T).

3. Mean Square Error: The mean square error of T is
MSE7r(0) = E(T — 6)*> =E[(T — 0)?.

4. Result: MSEr(0) = Var(T) + b3..
Proof:
MSE7(0) = E[(T — pr) + (ur — )]
= E[(T — pir)* + 2(T — pr)(ur — 0) + (ur — 60)?]

= E(T — pr)® + 2(ur — O)E(T — pr) + (ur — 0)?
= Var(T) + b3..

5. Root Mean Square Error: RMSEr(0) = \/MSE1(0).

6. Example: Sample Variance. Let X1,..., X,, be a random sample from
N(u,0?). Compare two estimators of o%:

R — RS —
n—1;(X"_X) andV—E;(Xi—X).

S? =

We know that S? is unbiased for o2 (this result does not depend on
normality). Therefore

-1 2
bgzannde:E<nn 52>—02:—0—.
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Recall that (n —1)5%/0? ~ x2_,. Therefore

n

> (X = X)

=1

because Var(x?_;) = 2(n — 1). The MSEs of S? and V are

Var = Var (6°x2_,) = 0'2(n — 1)

1\ 4
MSEg:(0%) = Var(S?) = 2((7; — ?)(27 = n2i1 and

2(n—1)o* ot

MSEy(0%) = Var(V)+b) = =——5—+ —
(2n —1)o* 201 3n—1
= = 1— .
n? n—1 2n?

Note that MSEg2(c?) > MSEy(0?) even though S? is unbiased and V is
biased.

7. Standard Error: An estimator (or estimate) of the standard deviation of an
estimator is called the standard error of the estimator.

-1

8. Example of standard errors: In the following table, f = ]:L[ T

Parent Param-  Estim-

Distribution eter  ator (7)) Var(T') SE(T)
Any, . - o? S
Sampling w 1 X — —
replacement " v
Bernoulli, = -

. ) p(l—p) p(l —p)
Sampling w D P
n n—1
replacement
Any finite pop., o o2 g2
Sampling w/o i X —(1=f) — (1 =)
replacement
Finite ‘Bern., ) p(1=p) 1=p) -
Sampling w/o P D (1—f) - —
n n—1 N
replacement
2 2 20" 2 [ 2
Normal o S S*\ =
n—1 "

9.2 Consistency

1. Chebyshev’s Inequality: Suppose that X is a random variable with pdf or pmf
fx(z). Let h(X) be a non-negative function of X whose expectation exists
and let k£ be any positive constant. Then

E[h(X)]

PINX) 2 4 < =5
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Proof. Suppose that X is a continuous rv. Let R be the set
R ={z;x € Sx; h(x) > k}. Then

B [h(X)] = / W) fx () dae > / h(z) fx (z) da

> k/ Fe(@) dz = kP [h(X) > K]
_, BlX)] [hkfX Vs piax) > k.

If X is discrete, then replace integration by summation. A perusal of books in
my office reveals that Chebyshev’s inequality also is known as

(a) Tchebichev’s inequality (Roussas, Introduction to Probability and
Statistical Inference, 2003, Academic Press),

(b) Tchebysheff’s theorem (Mendenhall et al., A Brief Introduction to
Probability and Statistics, 2002, Duxbury; Freund & Wilson, Statistical
Methods, 2003, Academic Press),

(¢) Tchebychev’s inequality (Schervish, Theory of Statistics, 1995,
Springer-Verlag),

(d) Chebychev’s inequality (Casella & Berger, Statistical Inference, 2002,
Duxbury), and

(e) possibly other variants.

2. Application 1: Suppose that E(X) = ux and Var(X) = 0% < co. Then

Proof: Choose h(X) to be

(X — px)?
o3 ’

hX) =
By the definition of Var(X), it follows that E [h(X)] = 1. Also,

P[Mzk] — PIIX — x| > ko]
Ox

B 2
:p{Mzkz

1
< — by Chebyshev
0% k
1
= P[|X — ux| < kox] Zl_ﬁ‘
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3. Application 2: Suppose that 7" is a random variable (estimator of the

unknown parameter ) with E(T') = pur and Var(T) = 0% < oo. Then

MSE ()
62

Y

PlIX -6 <e>1-

Proof: Choose h(X) to be
h(X) = (X —6)%
Then E [h(T')] = MSE7(0) and
PIT 6] >d=P[T 6 >
< ]\4526?75(9) by Chebyshev

_ o+ [E(T) — 6

= P[|T—0|<¢>1—-

MSE7(0)

€2

. Consistency Definition: A sequence of estimators, {7}, is consistent for @ if

lim P[|T, — 6] < ¢ =1

n—oo

for every € > 0.

Converge in Probability Definition: A sequence of estimators, {7}, converges
in probability to 6 if the sequence is consistent for . Convergence in
probability is usually written as

prob

T, — 0.

Law of Large Numbers If X is the sample mean based on a random sample of
size n from a population having mean py, then

—> prob
X — pux.

We will prove the law of large numbers for the special case in which the
population variance is finite (see # 9 below). The more general result when
the population variance is infinite is sometimes called Khintchine’s Theorem.

Mean Square Consistent Definition: An estimator of 6 is mean square
consistent if

lim MSEz, (6) = 0.

n—oo
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8. Result: If an estimator is mean square consistent, then it is consistent.

Proof: Let T, be an estimator of 6. Assume that 7,, has finite mean and
variance. Then it follows from Chebyshev’s Theorem that

MSEr, (0)

€2

PT, — 0] <¢>1-

Y

where € is any positive constant. In 7T;,, is mean square consistent for 6, then

MSE+ (0
lim P[|T,, — 0] < ¢ > lim 1—572”():1
n—oo n—oo €
MSE
because lim 57%(9) =0

n— o0 62

for any € > 0.

9. Application: The sample mean based on a random sample of size n from a
population with finite mean and variance has mean px and variance o3 /n.

Accordingly,
2
MSE+(px) = X and lim MSE+(ux) =0
n

n—oo

which reveals that X is mean square consistent. It follows from the result in
(8), that X 2% 4.

9.3 Large Sample Confidence Intervals

1. General setting: Suppose that T}, is an estimator of § and that

T,—0

g T,

limP{

n—oo

g%:@@.

That is, T,,~ N(6, a%n) provided that sample size is sufficiently large. Suppose
that 07, = w?/n and that W2 is a consistent estimator of w?. That is,

Sr, = SE(T,) = W,,/\/n and W?2 P 2. Then, it can be shown that

T,—6

Tn

limP[

n—oo

g%:@@.

We will not prove the above result. It is an application of Slutsky’s theorem
which is not covered in Stat 424..

2. Constructing a confidence interval: Denote the 100(1 — «/2) percentile of the
standard normal distribution by z,/,. That is

(1 — a/2) = z4)0-
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Then, using the large sample distribution of 7},, it follows that

P —Za/2 <

SZQ/Q ~1-—a.

n

Using simple algebra to manipulate the three sides of the above equation yields
P [Tn - Za/QSTn < 0 < Tn + ZQ/QST,J ~1-—a.

The above random interval is a large sample 100(1 — a)% confidence interval
for #. The interval is random because 7;, and S7, are random variables.

Interpretation of the interval: Let t,, and sp, be realizations of 7;, and St .
Then
(tn - Za/QSTna tn + Za/2STn>

is a realization of the random interval. We say that we are 100(1 — )%
confident that the realization captures the parameter #. The 1 — a probability
statement applies to the interval estimator, but not to the interval estimate
(i.e., a realization of the interval).

Example 1: Confidence interval for puy. Let Xi,..., X,, be a random sample of
size n from a population having mean ux and variance o%. If sample size is
large, then X ~ N (ux,0%/n) by the CLT. The estimated variance of X is

52 = S%/n. It can be shown that

204 (n — 1)Ky
2 X
pum ]_
Var(S%) — [ + o ;

where k4 is the standardized kurtosis of the parent distribution. Recall, that if

X is normal, then x4 = 0. If k4 is finite, then Chebyshev’s inequality reveals

that S% P 52 Tt follows that Sx 22 o. Accordingly

s = =00

lim P

n—oo

and g g
P |:Y—Za/2\/—)% < ux §7+ZQ/2—X:| ~1-—a.

NLD
Example 2: Confidence interval for a population proportion, p. Let X1,..., X,
be a random sample of size n from Bern(p). If sample size is large, then

p ~ N(p,p(1 —p)/n) by the CLT. The usual estimator of c% is Vyx = p(1 — p).

. prob

We know that p — p (by the law of large numbers). It follows that
p(1 —p) prob p(1 — p) and, therefore, Vx = p(1 — p) is consistent for o%.

Accordingly
lim P

n—oo

I el
V(L —p)/n

P < c] = ®(c)
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. H(1 —p . (1 —p
p_Za/2\/]¥ §p§p+za/z\/z¥] ~1—a.

9.4 Determining Sample Size

and

P

1. Margin of Error Suppose that, for large n, T}, ~ N(#,w?/n) and that w? is
known. The large sample 100(1 — )% confidence interval for 6 is

w
vn

The quantity M, is % of the confidence interval width and is called the margin
of error.

T, £ M,, where M, = 242

2. Choosing n: Suppose that the investigator would like to estimate 6 to within
+m with confidence 100(1 — «)%. The required sample size is obtained by
equating m to M, and solving for n. The solution is

(=)
n = .
m

If the solution is not an integer, then round up.

3. Application 1: Let X1,..., X, be a random sample from a distribution with
unknown mean sy and known variance o%. If n is large, then
X ~ N(ux,0%/n) by the CLT. To estimate ux to within +m with
100(1 — «)% confidence, use sample size

(Za/20X>2
n=\—-— .
m

4. Application 2: Let Xi,..., X, be a random sample from a distribution with
unknown mean jx and unknown variance o%. If n is large, then
X A~ N(ux,0%/n). The investigator desires to estimate px to within £m with
100(1 — a)% confidence. To make any progress, something must be known
about ox. If the likely range of the data is known, then a rough estimate of
ox is the range divided by four. Another approach is to begin data collection
and then use Sx to estimate ox after obtaining several observations. The
sample size formula can be used to estimate the number of additional
observations that must be taken. The sample size estimate can be updated
after collecting more data are re-estimating ox.

5. Application 3: Let X, ..., X, be a random sample from a Bern(p)
distribution. If n is large, then p ~ N(p, p(1 — p)/n) by the CLT. To estimate
p to within £m with 100(1 — «)% confidence, it would appear that we should

use sample size
2
_ Za/2 p(l - p)
m
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The right-hand-side above, however, cannot be computed because p is
unknown and, therefore, p(1 — p) also is unknown. Note that p(1 — p) is a
quadratic function that varies between 0 (when p = 0 or p = 1) and 0.25 (when
p = 0.5). A conservative approach is to use p(1 — p) = 0.25 in the sample size
formula. This approach ensures that the computed sample size is sufficiently
large, but in most cases it will be larger than necessary. If it is known that

p > po or that p < pg, then py may be substituted in the sample size formula.

9.5 Small Sample Confidence Intervals for pux

1. Setting: Let X;,..., X, be a random sample from N(uy,c%), where neither
the mean nor the variance is known. It is desired to construct a 100(1 — )%
confidence interval for ux. If n is small, then the large sample procedure will
not work well because Sx may differ substantially from ox.

2. Solution: Consider the random variable

Y_MX_Y_,UX o

T = = X —
Sx/vn  ox/y/n  Sx
X opx, ((n-DSEN?
~ ox/vn T \o*(n—1)) °
Recall that
X — px (n —1)S% 2
~ N(0,1 ~ d
Ux/\/ﬁ (07 )7 02 Xn—17 an

X—px (n —1)8%
ox/\/n o2

The independence result follows from X 1 S%. Accordingly, the random
variable T" has the same distribution as the ratio Z//W/(n — 1) where
Z ~N(0,1) and W ~ x2_,. This quantity has a t distribution with n — 1
degrees of freedom.

3. Solution to the problem. Let t4/2,—1 be the 100(1 — a/2) percentile of the
t,,—1 distribution. That is FT_l(l — a/2) = tq2,—1, Where Fp( - ) is the cdf of
T. Then, using the symmetry of the t distribution around 0, it follows that

X — px
P —tapna < <tajon-1] =1—oa.
(tomas < Sl <tmas) =120

Algebraic manipulation reveals that

— S — S
P |:X - toe/?,n—l\/—);—l < mx < X + toz/Z,n—l\/—)%:| =1-a.
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Accordingly, an exact 100(1 — «)% confidence interval for px is
Sx
X +tajon
J2n-1""= I

4. Caution: The above confidence interval is correct if one is sampling from a
normal distribution. If sample size is small and skewness or kurtosis is large

then the true confidence can differ substantially from 100(1 — )%

9.6 The Distribution of T

Recall that if Z ~ N(0,1), Y ~ x? and Z 1 Y, then
A

T=—~t.
Y
Vi
In this section, we will derive the pdf of T’
The strategy that we will use is (a) first find an expression for the cdf of 7" and
then (b) differentiate the cdf to obtain the pdf. The cdf of T is

A
=<t

P(T<t) = Fr(t)=P \F
N
=P Z<t\/7 / / Vil (y)dz dy

fz(2) fy (y) which follows from Y 1 Z. Using Leibnitz’s rule, the

using fZ,Y (Z; y) =

pdf of T is
Vulk
t) = —F
fir(t) =[5 (9)dz dy
/ Valkts ( t\/y/k) ()
0
Substituting the pdfs for Z and Y yields
o0 ~3 %, A=t o k1,3 ()
y/k* yke dy:/ z ek dy

frt) =
0 V2r T
k+
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The last integral is evaluated by recognizing the kernel of a gamma distribution.

That is,
o, a—1_—-dyy« [e'e)
Yy € )\ a—1_-X\ F(Oé)
———dy =1+ / y* e Vdy = —=.
/0 I'(a) 0 A%

9.7 Pivotal Quantities

1. Definition: A pivotal quantity is a function of a statistic and a parameter.
The distribution of the pivotal quantity does not depend on any unknown
parameters.

2. How to construct confidence intervals. Suppose that Q(T;6) is a pivotal
quantity. The distribution of () is known, so percentiles of () can be
computed. Let ¢; and ¢o be percentiles that satisfy

Pl <Q(T;0) <] =1-a.

If Q(T;0) is a monotonic increasing or decreasing function of ¢ for each
realization of T, then the inverse function Q! [Q(T; )] = @ exists, and

PN p)<0<Q (@) =1-a
if Q(T;6) is an increasing function of  and

PlQ ) <0<Q g)]=1-0a
if Q(T;6) is a decreasing function of 6.

3. Example 1: Suppose that X, ..., X, is a random sample from N(pu, 0?).

_ X —np
Sx/v/n

t,—1 which reveals that @) is a pivotal quantity.

T (5)

is two-dimensional. Also, () is a decreasing function of u,

(a) Q(X, Sx;p)
Note that

- S
Q'Q) =X- \/—%Q = 1 and
— Sy — Sy
Pl X—-—¢p<X-— =1-
[ NG q2 > NG Ch] a,
where ¢; and ¢ are appropriate percentiles of the ¢,,_; distribution.

2 o (n—1)S% 2 : . .
(b) Q(S%;0°) = 5 ~ X._; which reveals that @ is a pivotal

quantity. Furthermore, @) is a decreasing function of o,

(n—1)S%
Q

= o and

Q Q) =
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_ 2 o 2
pl oD% o [l DSy
g2 a1

where ¢; and ¢, are appropriate percentiles of the x2_, distribution.

4. Example 2: Suppose that Xi,..., X,, is a random sample from Unif(0, §). It is
easy to show that X, is sufficient statistic. Note that X;/6 ~ Unif(0, 1).
Accordingly, X(,)/0 is distributed as the largest order statistic from a
Unif(0, 1) distribution. That is, Q(X(n);0) = X(n)/0 ~ Beta(n, 1) which
reveals that () is a pivotal quantity. Furthermore, () is a decreasing function

of 0,
X
Q7M@) =" =0and
Q
X, X,
P[ ™ g < ()}:1_%
q2 q1

where ¢; and ¢y are appropriate percentiles of the Beta(n, 1) distribution.

(a) Note, go = 1 is the 100" percentile of Beta(n, 1) and ¢; = a/™ is the
100« percentile of Beta(n, 1). Accordingly, a 100(1 — «) confidence
interval for # can be based on

Xn)
P[X(n) S@S al/n:| =1-oa.

(b) Note, ¢; = 0 is the 0" percentile of Beta(n, 1) and ¢, = (1 — a)'/" is the
100(1 — «) percentile of Beta(n,1). Accordingly, a 100(1 — «) one-sided
confidence interval for f can be based on

X

9.8 Estimating a Mean Difference

1. Setting: Suppose that T}, ~ N(01,w}/n1); Ton, ~ N(b2,w3/ns); and
Ty, 1L T5,,. The goal is to construct a confidence interval for 6§, — 6,. Note

that
2

) w2 w2
Ty, — Tomy ~ N (91 — 0y, 2L+ —2) .
T N9

. . . prob
If W2 and W} are consistent estimators of w? and w? (i.e., W2 = w? and

o prob

W2 == w3), then

(T, — Topny) — (01 — 03)
wg | ws
U na

< N(0,1).
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A large sample 100(1 — a)% confidence interval for §; — #2 can be based on

P [Tl,n1 - T2,n2 - Za/2SE S 91 - 92 S Tl,n1 - T2,n2 + Za/2SE} ~1-— «,

w2 W2
where SE = SE(T} ,,, — To,) = \/:
T N9

2. Application 1: Suppose that Xiq, Xjo, ..., Xi,, is a random sample from a

population having mean p; and variance o? and that Xo;, Xo9, ..., Xy, is an
independent random sample from a population having mean u, and variance
o3. Then
X1 —Xo) — (1 —
( 1 2) (lu’l /’L2) N N(O, 1)
ni no

A large sample 100(1 — )% confidence interval for p; — ps can be based on

. . 52 52 . . 52 52
P Xy —Xo— 242 —1+—2§M1—M2§X1—X2+Za/2 L4 =2
ny ) ny T2

~1—a.

3. Application 2: Suppose that Xi1, Xi2, ..., X1, is a random sample from
Bern(p;) and that X, Xao, ..., Xa,, is an independent random sample from
Bern(pz). Then

(]51 - }52) - (pl - pz)
\/m(l—m) | p2(1=2)

ni n2

< N(0,1).

A large sample 100(1 — a)% confidence interval for p; — ps can be based on

P [p1 — P2 — Za/2SE < p1 — p2 < P1 — P2 + 2a/2SE] & 1 — o, where

A (1 —p Do (1 —p
SE:SE(pl—pg):\/pl( p1)+P2( pz)‘

ni U

9.9 Estimating Variability

Most of this section is a review of earlier material. The only new material is
concerned with the distribution of the sample range when sampling from N(0, 1).

1. Let X1, X5,..., X, be a random sample from N(u,c?). Define Z; as
Z; = (X;—p)/o. Then Z; ~iid N(0,1). Note that the joint distribution of
Zy,..., %y, does not depend on p or o. Accordingly, the distribution of
Xy —p  Xoy—p _ Xmy—Xqg _ Rx

4 (n) (1) p . . .

does not depend on p or 0. That is, Rx /o is a pivotal quantity.
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2. Percentiles of W = Rx /o for various sample sizes are listed in Table XIII.
They can be used to make probability statements such as

P(U}lSWSUJQ):l:OZ,

where w; and w, are appropriate percentiles of the distribution of . Note
that W is a decreasing function of o and that
W=(W) = (X — X1))/W = o. Therefore, confidence intervals can be based
on
Xy — X X — X
() ® <o< (n) 1)
Wo w1

P =1-cq.

3. Table XIII also gives E(WW) and oy,. These values can be used to obtain a
point estimator of o and to compute the standard error of the estimator. The
point estimator is

o=

The estimator & is unbiased for o because

A\ E(Rx) . O'E(Rx) N
B0 =Fw) = Bro) -

The variance of & is

Var() = Var (Eﬁf/)) = Var (&%)

Accordingly,

is an estimator of y/Var(g).

9.10 Deriving Estimators

1. Method of Moments

(a) Setting: Suppose that X;, Xs, ..., X,, is a random sample from fx(z|0),
where 0 is a k x 1 vector of parameters. The goal is to derive an
estimator of 6.

(b) Let Mj be the j™ sample moment about the origin and let 1 be the
corresponding population moment. That is

1 < . .
M = — > X/ and ) = 1}(0) = B(XY)
=1

for j =1,2,.... The population moments are denoted by y(8) because
they are functions of the components of 6.
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(¢) The method of moments estimator consists of equating sample moments
to population moments and solving for 6. That is, solve

o~

M} = 1(8). G =1k

~

for 6.

(d) Central Moments: It sometimes is more convenient to use central
moments. For the special case of k = 2, solve

o~

M; = pi(0), j =1,2 where
_ /_1 . . _ Q2 _ 1 - 2.
M, = Ml_g;Xh My = 5% = 1;()(2-—)()7

n—17

= ph=E(X); and py = 0% = BE(X — )%

(e) Example: Gamma Distribution. Suppose Xi,..., X, is a random sample
from Gamma(a, A). The moments about the origin are

: T(a+7)
"(0) =E(X?) = —~.
4(8) = E(x) = 1
The first two central moments are

«

and 5(0) = Var(X) = ’Yh

The method of moments estimators of a and A\ are obtained by solving

X = g and 5% = g
A A2
for @ and \. The solutions are
_2 _
- ~ X
a= Sg{ and A\ = @

(f) Example: Beta Distribution. Suppose Xj, ..., X, is a random sample
from Beta(a, ). The moments about the origin are

B(on + j, a2) _ [(ay + j)0(an + ag)
B(ou, az) (o) +as+7)

45(6) = B(X) =

The first two central moments are

(0 = BX)= -2 and

a1 + Qo

p2(8) = Var(X) =

109
(al + (1/2)2(&1 + o + 1).
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The method of moments estimators of a; and «y are obtained by solving

~

— o1 9
X=c—and Sy = g =~—=
aq + Qo X (Oél+062)2(061+062+1)

Q102

for a;; and @s. The solutions are

G =X [7(1 - X)

5 —1] and a4y = (1 — X) [M—l}.

Sk
2. Maximum Likelihood Estimators (MLESs)

(a) Setting: Suppose that X;, Xs, ..., X,, is a random sample from fx(z|0),
where 0 is a k x 1 vector of parameters. The goal is to derive an
estimator of 6.

(b) Definition: A maximum likelihood estimator (MLE) of 8 is any value 8
that maximizes the likelihood function and is a point in the parameter
space or on the boundary of the parameter space.

(c) If the likelihood function is a differentiable function of 6, then the
maximum likelihood estimator is a solution to

0L(0|X)

90 =0.

0=0

(d) Note, any maximizer of L(60|X) also is a maximizer of In [L(6|X)].
Accordingly, one can maximize the log likelihood function rather than
the likelihood function.

(e) Example: Suppose that X, ..., X, is a random sample from Expon(\).
The log likelihood function is

In[L (AIX)] = nIn(A) — A i X;.

Taking the derivative with respect to A; setting it to zero; and solving for
A yields

>)
I
I

(f) Example: Suppose that Xi,..., X, is a random sample from Unif(#).
The likelihood function is
1
L0 Xwy) = H—nl(x(n%oo)(e).
Plotting the likelihood function reveals that 6= X(n is the MLE. Note,
taking derivatives does not work in this case.
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Example: Suppose that X3, ..., X,, is a random sample from N(u,o?).
The log likelihood function is

— 1 — n
2 2\1 _ 2 2 2
In [L (u,0%X,S%)] = —5 In(0?) - ;(Xi —X)? = (X =),
Taking the derivatives with respect to u and o2 and setting them to zero
yields two equations to solve:

(X —7)=0and

g

n 1 - — n —

et D (X = X 4 o (X R =0,
55z T op1 2K = X) 4 o (X =) =0

=1

Solving the first equation for i yields /i = X. Substituting i = X into
the second equation and solving for 52 yields

1 — —
A2:— )(Z—)(2
o n;( )

Invariance property of MLEs. Let g(€) be a function of 8. Then, the
MLE of ¢(8) is ¢(8), where 6 is the MLE of 6.

Proof. We will prove the invariance property only for the special case in
which ¢(@) is a one-to-one function. Note, if the dimension of 6 is k, then
the dimension of g(@) also must be k. Let 7 = g(8). Then 8 = g~'(n)

because ¢ is one-to-one. Define L*(n|X) as the likelihood function when
g(0) =n. That is,

L*(n|X) = fx[X|g~"(m)] = Llg~" (n)|X], where g~'(n) = 6.

Note that,

max L*(n|X) = max L{g~(n)|X] = max L]0|X].
n n

That is, the maximized likelihood is the same whether one maximizes L*
with respect to i or maximizes L with respect to 8. Accordingly, if 6

maximizes the likelihood function L(0|X), then 17 = g(€) maximizes the
likelihood function L*(n|X).

Example Suppose that X, Xs, ..., X,, is a random sample from N(u, 0?).
Find the MLE of the coefficient of variation g(u,0?) = 1000 /u. Solution:

c 1 ¢ —
J = 100=, where 52 = — X, — X)%
g < - ;( )
Properties of MLEs: Under certain regularity conditions, it can be shown
(we will not do so) that
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i. MLEs are consistent,
ii. MLEs have asymptotic normal distributions, and

iii. MLEs are functions of sufficient statistics. This property is easy to
prove because the likelihood function depends on the data solely
through a sufficient statistic.

3. Rao-Blackwell Theorem If U(X) is unbiased for 6 (a scalar) and 7'(X) is
sufficient, then V = V(T) = E(U|T) is

(a) a statistic,
(b) unbiased for 6, and

(¢) Var(V) < Var(U), with strict inequality iff and only if U is a function of
T.

Proof.

(a) V is a statistic because the distribution of X conditional on T does not
depend on 6. Accordingly, the expectation of V' with respect to the
distribution of X conditional on T does not depend on 6.

(b) Note, E(U) = 6 because U is unbiased. Now use iterated expectation:
0 = E(U) = Er [E(U|T)] = Ex(V) = E(V).
(c) Use iterated variance:
Var(U) = E[Var(U|T)] + Var [E(U|T)]

= E[Var(U|T)] + Var(V) > Var(V).

Example. Suppose that X, Xs,..., X, is a random sample of size n from
Poi(A). The goal is to find a good unbiased estimator of of P(X = 0) = e~
Recall that T'=>"" | X, is sufficient and that T ~ Poi(n\). Consider

A VTS s
The support of U is {0, 1} and the expectation of U is
EU)=1xPU=1)+0xPU=0)=1xP(X; =0)=¢.

Thus, U is unbiased for e=*. To find a better estimator, use the Rao-Blackwell
theorem. It was shown on page 75 of these notes that the conditional
distribution of X, X, ..., X given T' =t is

P(Xl:Jfl,XQZJIQ,...,Xn:In|T:t)
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That is, given T' = t, the X’s have a multinomial distribution with ¢ trials, n
categories, and probability 1/n for each category. Note that the conditional
distribution of the data given T" does not depend on A. This is because T is
sufficient. The conditional distribution of X; given 7' =t is binomial:

1
X:|(T =) ~ Bin [T, —} .
n

The expectation of U given T' =1 is

EUIT=t) = 1xP(U=1|T=1)+0x P(U =0|T)
= PU=1T=t)=P(X, =0T =t)

OO Y

Accordingly, an unbiased estimator of e~* that has smaller variance than U is

E(U|T) = (1 - l)T.

n

9.11 Bayes Estimators

1. Setting: Suppose that we have (a) data, Xi,...,X,, (b) the corresponding

likelihood function, L(6|T), where T is sufficient, and (c) a prior distribution
for 0, go(#). Then, if we are skillful, we can find the posterior ge(6|T). We
would like to find point and interval estimators of 6.

Point Estimators: In general, we can use some characteristic of the posterior
distribution as our point estimator. Suitable candidates are the mean, median,
or mode. How do we choose which one to use?

(a) Loss Function: Suppose that we can specify a loss function that describes
the penalty for missing the mark when estimating . Denote our
estimator as a or a(t) because it will depend on t. Two possible loss
functions are

01(0,a) = |0 — a| and £5(0,a) = (6 — a)*.

(b) Bayes Estimator: Recall that © is a random variable. A posterior
estimator, a, is a Bayes estimator with loss function ¢ if @ minimizes the
posterior expected loss (Bayes loss):

Bayes Loss = B(a) = Egr [¢(O© — a)].
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(c¢) From prior results (see page 24 of these notes), the Bayes estimator for
loss /7 is known to be the median of the posterior distribution.

Recall that E(X) is the minimizer of E(X — a)? with respect to a.
Accordingly, the Bayes estimator for loss /5 is the mean of the posterior
distribution

(d) Example: Suppose that X, X, ..., X, is a random sample from Bern(6).
Recall that T'=>"" | X, is sufficient. Furthermore, suppose that the
prior on # is © ~ beta(ay, o). Then the posterior, conditional on T' = ¢
is © ~ beta(ay + t, a5 + n —t). The mean of the posterior is

Oél—l—t

If n=10, a; = as =1, and t = 6, then
7
EO|T =t) = 17 = 0.5833

and the median of the beta(7,5) distribution is 0.5881, obtained by using
Matlab’s betainv function.

3. Interval Estimator: Use the posterior distribution to find lower and upper
limits, hy and hy such that

The above interval is a Bayesian 100(1 — a))% confidence interval. In the
statistical literature, this interval usually is called a credibility interval. Unlike
the frequentist confidence interval, the credibility interval is interpreted as a
probability. That is, we say that © is contained in the interval with
probability 1 — «. This is the interpretation that 216 students often give to
frequentist intervals and we give them no credit when they do so.

Example 1 In the binomial example, the posterior distribution of © is
beta(7,5). Using Matlab’s betainv function, a 95% Bayesian confidence
interval is

P(0.3079 < © < 0.8325) = 0.95.

Example 2 Suppose that X ..., X, is a random sample from N(u, 0?), where
o2 is known. If the prior on p is u ~ N(v, 72), then the posterior distribution is

Tz _ e -1
T+ v, (mz + ) ,
Tz + Ty Tz + Ty

plz ~N
where the precisions are

T = —; and T, = —.
o2’ L
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A 95% Bayesian confidence interval for p is

Pfi—1.964/(mz +m) ' <pu<p+1.964/(mz + 7)1 X = x] = 0.95 where
= UL T+ Ty,

Tz + Ty Tz + Ty

As 7 increases (indicating less and less a priori knowledge about 1), the
Bayesian confidence interval approaches

NG Vi

This is interpreted as a fixed interval that has probability 0.95 of capturing
the random variable ;. Note that the above Bayesian credibility interval is
identical to the usual 95% frequentist confidence interval for u when o2 is
known.

P |z —1.96 <upu<xT+1.96

X = x] = 0.95.

9.12 Efficiency

1. This section is concerned with optimal estimators. For example, suppose that
we are interested in estimating g(#), for some function g. The question to be
addressed is—how do we know if we have the best possible estimator? A
partial answer is given by the Cramér-Rao inequality. It gives a lower bound
on the variance of an unbiased estimator. If our estimator attains the
Cramér-Rao lower bound, then we know that we have the best unbiased
estimator.

2. Cramér-Rao Inequality (Information Inequality). Suppose that the joint pdf
(pmf) of X7, Xo,..., X, is fx(x|#), where 0 is a scalar and the support of X
does not depend on . Furthermore, suppose that the statistic 7'(X) is an
unbiased estimator of a differentiable function of 6. That is, E(T") = g(0).
Then, under mild regularity conditions,

99(0)

|

T) >
Var(T') > ; 20

The quantity Iy is called Fisher’s information and it is an index of the amount
of information that X has about 6.

Proof. Define the random variable S as

B _Olnfx(X[|) 1 9fx(X]0)
§=5(X.6) = a0 T &xX) 80

This quantity is called the score function (not in your text). Your text denotes
the score function by W.
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(a)

(d)

Result: The expected value of the score function is zero.

Proof: This result can be shown by interchanging integration and
differentiation (justified if the regularity conditions are satisfied):

B(S) — / S(x, 0) fx (x]0) dx

B 1 Jfx(x]0) N N
-/ Fuxle) oo JxxIf)d

[ Ofx(x]0)

= / 50 dx
0

= %/fx(x|9)dx

_ 99

00

because the integral of the joint pdf over the entire sample space is 1.
Substitute summation for integration if the random variables are discrete.

Result: The variance of S is I,.
Proof: This result follows from the first result and from the definition of
[91

Var(S) = E(S?) — [E(S)]* = E(S?) = I,.

Result: The covariance between S and T is

Cov(S,T) = 8%_(:)

Proof: To verify this result, again we will interchange integration and
differentiation. First, note that Cov(S,T) = E(ST) — E(S)E(T") = E(ST)
because E(S) = 0. Accordingly,

Cov(S,T) = E(ST) = / S(x, 0)T(x) fx(x]0) dx
_ 1 Ofx(x|0) e xl0) d
N /fx(x|8) 90 T(x)fx(x|0) d

[ ofx(x]0)
B

= 5 [ Il dx
0 dg(0)

= =50

Result: Cramér-Rao Inequality:

Cal
o0

Var(T) > T




126 CHAPTER 9. ESTIMATION

The right-hand-side of the above equation is called the Cramér-Rao
Lower Bound (CRLB). That is,

Cal
o0

CRLB = 7

Proof: If p is a correlation coefficient, then from the Cauchy-Schwartz
inequality it is known that 0 < p? < 1. Accordingly,

s [Cov(S, )
PST = Var(S) Var(T) =

(e) If g(0) = 0, then the inequality simplifies to
1 0
T)> — —0 =1
Var(T') > 7 because 899

(f) Note: if X3, Xs,..., X, are iid, then the score function can be written as

S(X|9) = %Zlnfx(Xilé’)
i=1

— 00
& 1 X;
= ZSZ(XZ,H), where Sz = aan—(z|9)
— 00
is the score function for X;. The score functions S; for e =1,...,n are

iid, each with mean zero. Accordingly,
Var(S) = Var (Z SZ-> = ZVar(SZ-) by independence
i=1 i=1

= D E(S) = nE(S?),

where S is the score function for Xj.

3. Example: Suppose that X;, X5, ..., X, is a random sample from Poi()). The
score function for a single X is
O[—=A+ X;In(A) — In(X;!)] X;




9.12. EFFICIENCY 127

Accordingly, the information is

X; A
Iy =nVar(—1+ X;/\) = n% =n3 = %
Suppose that the investigator would like to estimate g(A) = A. The MLE of A
is X (homework) and E(X) = A, so the MLE is unbiased. The variance of a
Poisson random variable is A and therefore Var(X) = A/n. The CRLB for

estimating A is

crep - 1A
n/\x

Therefore, the MLE attains the CRLB.

31>

4. Efficiency: The efficiency of an unbiased estimator of ¢(#) is the ratio of the
CRLB to the variance of the estimator. That is, suppose that T is an
unbiased estimator of g(#). Then the efficiency of T is

. CRLB
Efficiency = Var(T)
2 2
(agw)) (agw))
00 00
S WA )=~ 7
VAl = ey

If this ratio is one, then the estimator is said to be efficient. Efficiency always
is less than or equal to one.

5. Exponential Family Results: Recall, if the distribution of X belongs to the one
parameter exponential family and X, Xs, ..., X, is a random sample, then
the joint pdf (pmf) is

fx(X]0) = [H (X ] exp {@<6> ZR(X»} .
(a) The score function is

OmBO) | 0Q()
a0 a0

, where T' = Z R(X

=1

S(T,9) =

(b) Note that the score function is a linear function of 7"

B _ 0lnB(0) ~0Q(9)
S—a+bT, Wherea—nT and b = W
(c¢) Recall that E(S) = 0. It follows that
0ln B(0) oQ(0)

oW B(O) [0Q(6)]”
E(T) = —n—% [ae}
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(d) Result: Suppose that g(6) is chosen to be

4(6) = B(T) = _nﬁlnaiw) [0%29)}_ .
Then,
(%)
Var(T) = = CRLB

Iy
and T is the minimum variance unbiased estimator of g(6).

Proof: First, note that T is unbiased for E(7T"). Second, note that
2]
0

Var(T) I,

S:a—l—bT:>p§7T:1:>

(%)’
00

0

_— Var(T) = = CRLB.

6. Example. Suppose that X, Xs, ..., X, is a random sample form Geom(#).
The pmf of X is

g

fx(@i|0) = (1 - 9)%_19[{1,2,...}(%) = 1—_91{1,2,...}(%‘) exp{In(1 — 6)x;}.

Accordingly, the distribution of X belongs to the exponential family with

6

B(Q) = 1—_9§

h(z;) = Ifa,.3(z5); Q) =In(1 —0); and R(x;) = ;.

The score function for the entire sample is

Oln%  9ln(1—0)
S(X,0) = n 50 +T 50

(i vy T
- "\ T129) 1w

where T'= """ | X;. It follows that

n 1 — 1
E(T)=90)=—; E(-T)=EX)=—;
1) =0) = B(27) =B - 5
and that 7" is the minimum variance unbiased estimator of n /0. Equivalently,
T/n = X is the minimum variance unbiased estimator of 1/6. The variance of
T can be obtained from the moment generating function. the result is

—0 1-90
7 = Var(T'/n) = -

1
Var(X,-) =
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7. Another Exponential Family Result: Suppose that the joint pdf (pmf) of
X1, Xo, ..., X is fx(x]0); T(X) is a statistic that is unbiased for g(6); and
Var(T') attains the Cramér-Rao lower bound. Then T is sufficient and the
joint pdf (pmf) belongs to the one parameter exponential family.

Proof: If Var(T') attains the Cramér-Rao lower bound, then it must be true
that pg, = 1 and that

S(X,0) = a(0) + b(O)T(X)
for some functions a and b. Integrating S with respect to @ gives
/ S(X,0) df = In fx(X|6) + K1(X) for some function K (X)
- / a(8) + bO)T(X) df = A(B) + BO)T(X) + Ku(X)
= fx(X[0) = exp{A(0) } exp {[K2(X) — K1 (X)]} exp{B(0)T'(X)}.

which shows that the distribution belongs to the exponential family and that
T is sufficient.
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Chapter 10

SIGNIFICANCE TESTING

This chapter describes hypothesis testing from a Fisherian viewpoint. The main
ingredients are hypotheses, test statistics, and p-values.

10.1 Hypotheses

1. Hy and H, are statements about probability models or, equivalently, about
population characteristics.

2. The null hypothesis, Hy, usually says no effect, no difference, etc. In terms of
parameters, it usually is written as Hy: 8 = 6y; Ho: 0 < 6p; or Hy: 0 > 6,
where 6, is a value specified by the investigator. It is important that the null
contains a point of equality.

3. The alternative states that the null is false and usually is written as
H,: 60 #£6y; Hy: 0 > 0y; or H,: 0 < 6.

10.2 Assessing the Evidence
1. A significance test is a test of Hy. The strategy is as follows:

) Translate the scientific hypothesis into Hy and H,.
) Begin with the assumption that Hg is true.

(c) Collect data.
)

Determine whether or not the data contradict Hy. The p-value is a
measure of how strongly the data contradict the null. A small p-value is
strong evidence against Hy.

2. Test statistic: Definition: A test statistic is a function of the data and 6y. The
test statistic is chosen to discriminate between Hy and H,. Usually, it
incorporates an estimator of f. Familiar test statistics are

131
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(a) Z = AR
SE(0|Hy)
_ X — o
bt =5 vm
(C) X2 _ (TL - 1)S§(

3. p-value Denote the test statistic as T" and denote the realized value of T as
tons. The p-value is a measure of consistency between the data and Hg. It is
defined as

HO) .

A small p-value means that the data are not consistent with Hy. That is,
small p-values are taken to be evidence against Hy.

p-value = P <T is as or more extreme than ¢, in the direction of H,

4. Common Error I: Many investigators interpret a large p-value to be evidence
for Hy. This is not correct. A large p-value means that there is little or no
evidence against Hy. For example, consider a test of Hy: p = 100 versus
H,: p # 100 based on a sample of size n = 1 from N(0, 20?). Suppose that the
true mean is ¢ = 105 and that X = 101 is observed (4/20 = 1/50 below the
true mean). The Z statistic is

101 — 100
Zobs = 0 0.05

and the p-value is
p-value = 2[1 — ®(0.05)] = 2(1 — 0.5199) = 0.9601.

The p-value is large, but the data do not provide strong evidence that Hy is
true.

5. Common Error II: Many investigators interpret a very small p-value to mean
that a large (important) effect has been found. This is not correct. A very
small p-value is strong evidence against Hy. It is not evidence that a large
effect has been found. Example: Suppose that the standard treatment for the
common cold reduces symptoms in 62% of the population. An investigator
develops a new treatment and wishes to test Hy: p = 0.62 against
Ho: p > 0.62. The usual test statistic is

7 — P —Do ’
po(1—po)

where py = 0.62. If the new treatment reduces symptoms in 62.1% of a sample
of size n = 3,000,000, then the observed value of the test statistic is
621 — .62
Zobs = ———— = 3.5684.

62(1—.62)
3,000,000
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The p-value is P(Z > 3.5684|Hy) = 0.00018. This is strong evidence against
Hg, but the effect size is very small.

6. Using likelihood to find a test statistic. One way to find a test statistic for
testing Hy: 0 = 6y against a one or two-sided alternative is to examine the
likelihood ratio

R LX)

max L(01X)

where the maximization in the denominator is over all # that satisfy H,. The

LR is ratio of the probability of the data under Hy to the largest possible

probability of the data under H,. The LR satisfies LR € (0, 1). Small values of

LR are interpreted to be evidence against Hy. Example: suppose that

Ho: p = po is to be tested against H,: p # py using a random sample from

Geom(p). Recall that the MLE of p is p = 1/X. The likelihood ratio is

IR (1 _ po)n(Y—l)pg _ (1__ po)n(X—l) Y"ypn
(1-1/X)"x " X -1 0

In the following display, the log of the LR statistic is plotted against X for the
special case n = 10 and pg = 0.25.

Ln(LR) Statistic: Geometric Distribution, P, = 1/4
5 T T

In(LR)

_20 .
_25 .
_30 Il Il Il Il Il Il Il Il Il
0 2 4 6 8 10 12 14 16 18 20
X bar

The above plot reveals that the log likelihood ratio statistic is small if X is
substantially larger or substantially smaller that 4. Note that

X =4=1/X = 0.25 = py and that the LR statistic is 1 if X = 4; i.e., the
log of the LR statistic is zero.
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To use the likelihood ratio as a test statistic, it is necessary to determining its
sampling distribution under a true null. This can be quite difficult, but
fortunately there is an easy to use large sample result. If # is a scalar, then
under certain regularity conditions, the asymptotic null distribution of
—2In(LR) is x3.

10.3 One Sample Z Tests

1.

Form of the test Statistic. Suppose that it is of interest to test Hq: 6 = 6y
against either Hy,: 0 # 6y, H,: 6 > 60y, or H,: 0 < 6. Further, suppose that we
have an estimator of # that satisfies

2
T|Hy ~ N (9, @)
n

and an estimator of w3, say W that satisfies W§ prob w? whenever Hy is true.
The subscript on w is a reminder that the variance of 7" under Hy could be a
function of 6.

. A reasonable test statistic is

T4,
Wo/v/n'

If sample size is large, then the distribution of Z under Hy is approximately
N(0,1).

Z

. p-values Let z.,s be the observed test statistic. Then the p-value for testing H

against H, is
(a) 1 — P(—|2obs| < Z < zobs|) = 2[1 — @(|zons|)] if the alternative hypothesis
is Hy: 0 # 6y,
(b) P(zops < Z) =1 — ®(241s) if the alternative hypothesis is H,: 8 > 6y; and
(¢) P(Z < zops) = P(zops) if the alternative hypothesis is H,: 6 < 6.
Example: X1, X,,..., X, is a random sample from a population with mean u

and variance o2. To test Hy: p = po against either Hy: g # po, Hy: gt > pug, or
Hy: p < po, use the test statistic

_ X — o
Sx/vn’

Example: X7, Xs,..., X, is a random sample from Bern(p). To test Hy: p = po
against either H,: p # po, Ha: p > po, or Hy: p < po, use the test statistic

Z

7 — P —Do .

po(1 —po)/n

Note that w? = po(1 — po).
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10.4 Omne Sample ¢t Tests

Suppose that X, Xs, ..., X, is a random sample from N(p, 0?). To test Hy: p = pg
against either H,: v # po, Ho: 0 > o, or Hy: po < g, use the test statistic

= X_MO
Sx/vn’

Under Hy, the test statistic has a ¢ distribution with n — 1 degrees of freedom.

T

10.5 Some Nonparametric Tests

We will examine only the sign test. Suppose that X, Xy, ..., X, is a random
sample from a continuous distribution having median u. A test of Hy: = pg
against either H,: i1 # pio, Hy: 1 > fig, or Hy: 1 < p1g is desired. Let

1 if X; < pg; and
Ui = I jig) (Xi) =

0 otherwise.

Under Hy, U; ~iid Bern(0.5) and Y =>"" | U; ~ Bin(n,0.5). Accordingly, the test

statistic R
p—0.5

VB

is distributed approximately N(0, 1) under Hy, where p = Y/n.

10.6 Probability of the Null Hypothesis

When using the frequentist approach, it is not correct to interpret the p-value as the
probability that Hy is true. When using the Bayesian approach, then the posterior
probability that Hy is true can be computed.

Suppose, for example, that X; ~ iid Bern(f) for : = 1,...,n. Furthermore,
suppose that the prior on 6 is © ~ Beta(ay, ay). The sufficient statistic is
Y =>"" | X; and the posterior is ©|(Y = y) ~ Beta(a; +y, as +n —y). Suppose
that one wants to test Hy: 6 < 6, against H,: 6 > 6,. Then

0o
P(Ho|Y =) = P(O < 6,]Y = y) = / gory (0]y) db.
0

For example, if a; = as = 1, n=40, y=30, and we want to test Hy: 6 < 0.6
against H,: 6 > 0.6, then ©[(Y = 30) ~ Beta(31,11) and

0.6 930(1 _ 9)10
P(H,|Y = 30) = =T 9 =0.0274.
(oY = 30) /0 B(31,11) 0.027
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The test statistic for computing the frequentist p-value is

0.75-10.6

Zobs =
0.6(1—0.6)
40

p-value = P(Z > 1.9365) = 0.0264.

= 1.9365.

The p-value is

If the correction for continuity is employed, then

0.75 — 5 — 0.6

Zobs =
0.6(0.4)
40

There are some complications if one wants a Bayesian test of Hy: 6 = 6, against
H,: 0 # 0y. Your textbook gives one example. We will not have time to discuss this
issue.

= 1.7751 and 4-value = 0.0379.




Chapter 11
TESTS AS DECISION RULES

This chapter introduces the Neyman-Pearson theory of tests as decision rules. In

this chapter it is assumed that a decision about Hy verses H, must be made. Based
on the data, the investigator either will reject Hy and act as though H, is true or fail
to reject Hy and act as though Hy is true. The latter decision is called “accept Hy.”

11.1 Rejection Regions and Errors

1. Suppose that the data consist of X, Xs,...,X,,. The joint sample space of X
is partitioned into two pieces, the rejection region and the acceptance region.
In practice, the partitioning is accomplished by using a test statistic.

(a) Rejection region: the set of values of the test statistic that call for
rejecting Hy.

(b) Acceptance region: the set of values of the test statistic that call for
accepting Hy. The acceptance region is the complement of the rejection
region.

2. Errors

(a) Type I: rejecting a true Hy.
(b) Type II: accepting a false Hy.

3. Size of the Test:

size = o = P(reject Hy|Hp true).
4. Type II error probability:

P(type Il error) = 8 = P(accept Hy|H, false).

5. Power:
power = 1 — 3 = P(reject Ho|Hy false).

137



138 CHAPTER 11. TESTS AS DECISION RULES

6. Example; Consider a test of Hy: p = 0.4 versus H,: p # 0.4 based on a random
sample of size 10 from Bern(p). Let Y = > X,. If the rejection rule is to reject
Ho if Y <0 or Y > 8, then the test size is

a=1-P(1<Y <7lp=0.4)=0.0183.

The type II error probability and the power depend on the value of p when Hy
is not true. Their values are

P(type Il error) = P(1 <Y < 7|p) and power =1 — P(1 <Y < 7|p).

The two plots below display the type II error probabilities and power for
various values of p.

o o o o
o ~ o © =

Type Il Error Probability: 3
o o
i &)l

o
w

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
True value of p
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0.9

Power: 1
o o o o o o
w N (6)] o ~ oo

o
N

0.1

1 | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
True value of p

0 1 1 1

11.2 The Power function

Suppose that X7, Xs, ..., X, is a random sample from fx(z|f). Denote the
parameter space of 8 by © and let ©y and O, be two disjoint subspaces of ©.
Consider a test of Hy: 6 € O against H,: # € ©,. The power function is a function
of # and is defined by

7(0) = P(reject Hyl@).

The function usually is used when 6 € ©,, but the function is defined for all § € ©.
For example, consider a test of Hy: = po against H,: u > o based on a
random sample of size n from N(u, 0?), where o2 is known. Let @711 — ) = 2;_,
be the 100(1 — «) percentile of the standard normal distribution. Then a

one-sample Z test of Hy will reject Hy if Z > 2;_,, where

_Y—Mo
~o/vn

Z

The power function is

X —
i) = P(Z>aadn=p) =1=P |20 <ol i=

o/vn

-Y_Ma_'_,ua_,u(]

e 1—P < —a = a

o//n < 2ia| b= Hd]

(X — 1 [ta — 1o

frd 1—P < —a — frd a
T ST g |
[ Lo — Mo

- 11—z, — .
B o—/ﬁ}
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As an illustration, if o = 10, ug = 100, n = 25, and « = 0.05, then the power
function is

e — 100

m(pe) =1 — P |1.645 — 5

This function is displayed below for various values of fi,.

Power Function: One Sample Z when Ho = 100, n=25, 0= 10

1 1
95 100 " 105 110

11.3 Choosing a Sample Size

An investigator may want to plan a study so that power will be adequate to detect
a meaningful difference. Consider the power function from the last section. Suppose
that the investigator decides that the minimal difference of importance is two
points. That is, if u, > 102, then the investigator would like to reject Hy. If p, is
fixed at p, = 102, then the power of the test as a function of n is

102 — 100
10/v/n

vn

m(e) =1— @ |1.645 — ]:1—@[1.645—?]

This function is plotted below for various values of n.
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Power Function: One Sample Z when Hy = 100, M, = 102, 0= 10

1 T

0 50 100 150 200 250 300

If the investigator has decided that a specific power is necessary, then the required
sample size can be read from the above display.

In general, the required sample size for a one sample Z test of Hy: u = g
against Hy: pu > po can be obtained by equating the power function to the desired
value of 1 —  and solving for n. Denote the 1005 percentile of the standard normal
distribution by ®7'(8) = z5. That is

m(fa) = 1—‘1{21—0[—”;/_\/%0}:1—6

) Zl—a_ua_uo} _
= [ NG

< Zl—a — Ha =~ Mo _ (I)_l(ﬁ) =23

a/vn
02(Z1—a - 26)2

(Ha — po)?
For example, if pg = 100, p, = 102, a = 0.05, § = 0.10, and ¢ = 10, then

—n=

~100(1.645 + 1.282)

= 214.18.
(102 — 100)2 s

A sample size of n = 215 is required.

11.4 Quality Control

Skip this section.
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11.5 Most Powerful tests

1.

Definition: Simple Hypothesis. A simple hypothesis is one that completely
specifies the joint distribution of the data. That is, there are no unknown
parameters under a simple hypothesis. For example Hy: Y ~ Bin(25, %) is a
simple hypothesis. In this section, we will examine the test of a simple Hy
against a simple H,.

Definition: Most Powerful Test. A test of a simple Hy versus a simple H, is a
most powerful test of size « if no other test which has size < a has greater
power.

. Neyman-Pearson Lemma: Consider the hypotheses Hy: X ~ fy(x) against

H,: X ~ fi(x), where fy and f; are the joint pdfs (pmfs) under Hy and H,,
respectively. Then the most powerful test is to reject Hy if

_ fo®)
f1(x)

is the likelihood ratio. Furthermore, the size of the test is

A(x) < K, where A(x)

a= /Rfo(x) dx, where R = {x; A(x) < K}.

Proof: Consider any other test that has size < a. Denote the rejection region
of the competing test by R* and denote the power of the competing test by
1 — B*. Then

/ fo(x)dx = a* < a and
R*
(=0 (-5 =5 -0~ [ pxdx— [ fitx)dx
R R*
We will show that the above difference is greater than or equal to zero. Note
that R = (RN R*) U (RN R*) and that (RN R*) is disjoint from (R N R*°).

Similarly, R* = (R* N R) U (R* N R°) and (R* N R) is disjoint from (R* N R°).
Accordingly,

- fi(x)dx = /R*ch fi(x) dx + / f1(x) dx, and

R*NR
/6 ﬁ RNR* fl (X) X /RﬂR*C fl (X) * /R*HR fl (X) * /R*ch fl (X) x

- /ROR*C filx) dx = /R G
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Note that (RN R*) € R so that fi(x) > K~ !fy(x) in the first integral. Also,
(R*N R°) € R® so that fi(x) < K~!fo(x) in the second integral. Therefore,

ﬂ*_ﬁz%/l;ﬂR*ch( X__/*ORC

- {%/RORM“ SIS S L ]
1

_ {_ / fo(x)dx + — ! fo(x) dx} by adding zero
R*MRe K Jrenr
1
5 [ pax— o [ ) ix = (@ —a7) >0

because the size of the competing test is a* < a.

4. Example: Suppose that Xi, Xs, ..., X, is a random sample from NegBin(k, #),
where k is known. Find the most powerful test of Hy: 6 = 0, against
H,: 0 = 6,, where 6, > 6,. Solution: The likelihood ratio test statistic is

lf[(x’_l)ek 1 — )+
ﬁ(‘?__l)eka—e) ik

1
(1 . ea)n(i—k)

90(1 . Qa) nk 1 . 60 n(z—k)

0,(1 —6p) 1-4, '
Note that the likelihood ratio test statistic depends on the data solely through
Z and that

Alx) =

1—46,
1-6,
Accordingly A(x) is an increasing function of z. Rejecting Hy for small values

of A(x) is equivalent to rejecting Hy for small values of Z and the most
powerful test is to reject Hy if # < K* where K™ is determined by the relation

> 1.

0, >0y =

P(Y<K*|9:90) <«
The above probability can be evaluated without too much difficulty because

nX =) X; ~ NegBin(nk, )

i=1

under Hy.
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11.6 Randomized Tests

Skip this section.

11.7 Uniformly Most Powerful tests

1.

Consider the problem of testing Hy: 0 = 0y against Hy: 8 > 6y based on a
random sample of size n from fx(z|0).

Uniformly Most Powerful (UMP) Test. Definition: If a test of Hy: 6 = 6,
against H,: 8 = 6,, is a most powerful test for every 6, > 6, among all tests
with size < «, then the test is uniformly most powerful for testing Hq: 6 = 6,
against H,: 6 > 6,.

. Approach to finding a UMP test. First use the Neyman-Pearson Lemma to

find a most powerful test of Hy: 6 = 6, against H,: # = 6, for some 6, > 6. If
the form of the test is the same for all 6,, then the test is UMP.

Example: Suppose that X, X5, ..., X, is a random sample from NegBin(k,0),
where k is known. Find the UMP test of Hy: 0 = 6y against H,: 6 > 6,.
Solution: The most powerful test of Hy: 8 = 6, against H,: # = ,, where

0, > 6y is to reject Hy if £ < K* where K* is determined by the relation

P(X < K*|0 = 6y) < a.
Note that the form of the test does not depend on the particular value of 6,.

Accordingly, the test that rejects Hqy for small values of Z is the UMP test of
Ho: 60 = 6, against H,: 6 > 6.

. A similar argument shows that in the negative binomial example, the UMP

test of Hy: 0 = 6y against H,: 0 < 6, is to reject Hy for large values of z.

. The UMP idea can be extended to tests of Hy: 0 < 0 against H,: 8 > 60,. If

the power function is monotonic in ¢, then the UMP test of Hy: 6 = 6, against
H,: 6 > 6, also is UMP for testing Hy: 6 < 0y against H,: 8 > 6y. The size of
the test is

a = sup P(reject Hyl6) = sup w(0) = P(reject Ho|6p)
6<6o 6<6o

because the power function is monotonic It can be shown that the power
function is monotone in @ if the distribution of X belongs to the one
parameter exponential family.
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11.8 Likelihood Ratio Tests

1. Consider the problem of testing Hy: @ € ©, against H,: 8 € ©,, where ©, and
0O, are disjoint subspaces of the parameter space. The parameter 8 may be a
vector.

2. The generalized likelihood ratio test of Hy against H, is to reject Hy for small
values of the likelihood ratio test statistic

L(6,|X
AX) = M, where
L(8.]X)
L(6o|X) = sup L(8|X) and L(6,]X) = sup L(6]X).
6cOg 0cOuUO,

That is, the likelihood function is maximized twice; first under the null, and
second under the union of the null and alternative.

3. Properties of A(X).
(a) A(X) €[0,1].

(b) Small values of A are evidence against Hy.

(¢) Under mild regularity conditions, the asymptotic null distribution of
—2In [A(X)] is x? with degrees of freedom equal to the number of
restrictions under Hy minus the number of restrictions under H,.

(d) The decision rule is to reject Hy for large values of —21In(A).

4. Example 1: Suppose that X;; g Bern(p;) for j = 1,...,n;. That is, we have
independent samples from each of two Bernoulli populations. Consider the
problem of testing Hy: p; = po against H,: p; # po. The sufficient statistics
are Y; = Z;il Xy and Y, = Z?il Xs;. These statistics are independently
distributed as Y; ~ Bin(n;, p;). The likelihood function is

L(p1, polyr, y2) = p' (1 — p1)™ "' py* (1 — pa) ™72
Under Hy, the MLE of the common value p = p; = ps is
P = (y1 +y2)/(n1 + ng). Under the union of Hy and H,, there are no
restrictions on p; and py and the MLEs are p; = y;/ny and py = yo/ny. The
likelihood ratio test statistic is

ﬁy1+y2 (1 _ ﬁ)m-irnz—yryz

A = .
(e N (A
If Hy is true and sample sizes are large, then —21In [A(Y7, Y3)] is approximately
distributed as a x? random variable. There are no restrictions under H, and
one restriction under Hy, so the x? random variable has 1 degree of freedom.
For example, if ny = 30, ny = 40, y; = 20, and y, = 35, then
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A(y1,y2) = 0.1103, —21n(A) = 4.4087, and the p-value is 0.0358. For
comparison, the familiar large sample test statistic is

2= A — 2.1022
~ ~ (1 1
\/p(l —D) (n—l + n—2>
and the p-value is 0.0355. Note, Z2 ~ x? and 2? = 4.4192 which is very close
to the LR test statistic.

5. Example 2: Your textbook (page 476) shows that the usual one-sample t test
of Hy: u = po against H,: pu # pp when sampling from a normal distribution
with unknown variance is the likelihood ratio test. Below is another version of

the proof.

(a) Lemma: Let a be a constant or a variable that does not depend on o>

and let n be a positive constant. Then, the maximizer of

1
—=5a
€ 202

h(c? a) =

with respect to o2 is

Also,

Proof: The natural log of h is

1
In(h) = —5—a- gln(az).
Equating the first derivative of In(h) to zero and solving for o2 yields
0 1 n
902 ") =501 " 55
0 a
— 0’ = °
~.

The solution is a maximizer because the second derivative of In(h)
evaluated at 02 = a/n is negative:

02 0 a n a n
(%me:5§Gﬁ‘%ﬁ=‘ﬁ+%@
0? a n n3
Gl IR Py Ty R

To obtain the maximum, substitute a/n for o in h(o?, a).
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(b) Theorem: The generalized likelihood ratio test of Hy: p = po against
H,: p # po based on a random sample of size n from a normal
distribution with unknown variance is to reject Hy for large |T'|, where

Proof: The likelihood function of y and o2 given X; ~ N(u, 0?) for
1=1,...,nis

n

exp {—ﬁ : (Xi — M)z}
L(p, 0| X) = =1 :

(c?) H (2m)%

Under Hy: g = po, the likelihood function is

1 n
€xp {—ﬁ Z(Xz - M0)2}
L(po, 0°|X) = — :

Using the Lemma with

n

a = Z(Xz — 1)’

i=1
yields
&g = l i(XZ — ,u(])2 and
[t
2 <2 e ?

max L(po, 07| X) = L(po, 65|X) = T :

7 1< n

<5 Z(Xz — M0)2> (2m)2

i=1

Under Hy U H,, the likelihood function must be maximized with respect
to i and o2, Note that the sign of the exponent in the numerator of L is
negative. Accordingly, to maximize L with respect to u, we must
minimize
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with respect to p. By the parallel axis theorem, it is known that the
minimizer is 4 = X. Substitute X for p in the likelihood function and

use the Lemma with
n

a=> (X;—X)

i=1
to obtain
s2=1 i(x- — X)? and
ton i=1 Z
2 ~ a2 e 2
max L(,0%|X) = L(X,62/X) = .
i 1 ¢ e
<— (Xi — X)Q) (2m)2
n
i=1

The likelihood ratio test statistic is

Recall, that from the parallel axis theorem,

n n

SO = ) = 3 = X)? 40X — ).

i=1 i=1

Accordingly, the Likelihood Ratio Test (LRT) is to reject Hy for small A,
where

n
n 2

> (X = X)?

A= i=1

n

> (X=X + (X = pp)’

=1

Any monotonic transformation of A also can be used as the LRT
statistic. In particular,

_%_1 n—l:n(y_uo>2:T2
( )= ="

is a decreasing function of A. Therefore, the LRT rejects Hy for large T2
or, equivalently, for large |T'|.
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11.9 Bayesian Testing

1. To develop a Bayes Test, first make the following definitions:

(a) Loss Function: ¢(6, act) = loss incurred if action act is performed when
the state of nature is . The action act will be either “reject Hy” or
“accept Hy.” For example, ¢(Hg, reject Hp) is the loss incurred when a
true Hy is rejected. It is assumed that making the correct action incurs
no loss.

(b) Parameter Space: Denote the support of § under Hy by Oy and denote
the support of # under H, by ©,. For example, if the hypotheses are
Ho: ¢ <100 and H,: g > 100, then, 6y = (oo, 100] and ©, = (100, c0).

(c) Prior: Before new data are collected, the prior pdf or pmf for # is denoted
by g(0).

(d) Posterior: After new data have been collected, the posterior pdf or pmf
for 0 is denoted by ¢(0|X).

(e) Bayes Loss: The posterior Bayes Loss for action act is

B(act|X) = Eq [£(0, act)]
/ 0(0, reject Ho)g(0|X) df  if act = reject Hy,
(SN}

/ 0(0, accept Hg)g(0|X) df if act = accept Hy.

a

(f) Bayes Test: A Bayes test is the rule that minimizes Bayes Loss.

2. Theorem: When testing a simple null against a simple alternative, the Bayes
test is a Neyman-Pearson test and a Neyman-Pearson rejection region,
fo/fa < K, corresponds to a Bayes test for some prior.

Proof: The null and alternative can be written as Ho: f(x) = fo(x) versus
H;: f(x) = fi(x). Also, the support of § has only two points:

O ={fo, f1}, ©o={fo}, and O, = {f1} or, equivalently,
0= {H(),Hl}, @0 = {HQ}, and @a = {Hl}

Denote the prior probabilities of 6 as
Jgo = P(Ho) and g1 = P(Hl)

The posterior probabilities are

. f(Ho,x) _ f(x[Hyp) f(Ho)
FHOR) = =™ = Fllo) (o) + F el H) ()
fo(X)go and

" fo®)g0 + LX)
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f(Hy,x) _ f(x[Hy) f(Hy)
fx) f(x|Ho)f(Ho) + f(x|Hi)f(Hi)
_ f1(xX)g
fo(x)g0 + fi(x)g1

Denote the losses for incorrect decisions by

f(Halx) =

¢(Hg, reject Hy) = ¢o and ¢(Hy, accept Hg) = ¢;.

Note that ¢y and ¢; are merely scalar constants. Then, the posterior Bayes
losses are

: o Jo(x)g0
B(reject Ho|x) = £o X <fo(X)go " (X)gl) and

- fl(X)91
B(accept Hg|x) = £ X (fo(X)go n fl(X)g1) )

The Bayes test consists of choosing the action that has the smallest Bayes
loss. Alternatively, the ratio of Bayes losses can be examined:

B(reject Hyg|x) _ o fo(x)g0
Bf(accept Ho|x) 61 f1(x)g1

If the ratio is smaller than 1, then the Bayes test is to reject Hy, otherwise
accept Hy. That is, Hg is rejected if

gofo(X)go .
——~=— < 1 or, equivalently,
(L fi(x)g1 b Y
fo(x) g
< K, where K = —.
fi(x) Cogo

Accordingly, the Bayes test is a Neyman-Pearson test. Also, a
Neyman-Pearson rejection region, fy/f1 < K, corresponds to a Bayes test,
where the priors and losses satisfy

Py
Cogo
Example 11.9a (with details) A machine that fills bags with flour is adjusted
so that the mean weight in a bag is 16 ounces. To determine whether the
machine is at the correct setting, a sample of bags can be weighed. There is a
constant cost for readjusting the machine. The cost is due to shutting down
the production line, etc. If the machine is not adjusted, then the company
may be over-filling the bags with cost 2(u — 16) or under-filling the bags with
cost 16 — p. The under-filling cost is due to customer dissatisfaction.

Consider testing Hy: p < 16 against H,: > 16 based on a random sample of
size n from N(u, 0?), where o2 is known. Furthermore, suppose that the prior
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on 4 is N(v, 7%). Using the result in Example 2 on page 101 of these notes, the
posterior distribution of g is normal with

~ nr? ~ nr?
Elule) = (ﬁ) T (1 - m) v and

_ n 1\
Var(u|z) = (; + ﬁ) :

If n=>5,7=16.4, 0> =0.05%, v = 16, and 72 = 0.002, then the posterior
distribution of u is N(16.32,0.02%). Suppose that the loss functions are
2(16 — ) if p < 16

w— 16 if u > 16,

and £(u, accept Ho) = 1.

0(u, reject Hy) = {

The Bayes losses are

B(reject Ho|x) = E,x [((1, reject Hy)]
= {1 x P(reject Ho|p # 16,%x) + 1 x P(reject Ho|lu = 16,x) = ¢1, and
B(accept Hy|x) = E,x [¢(pt, accept Hy)]
16 00
— [ 206 - Auslabdi+ [ (5= 16)fnlio) dn
- 16

o
The latter integral can be computed as follows. Denote the conditional mean
and variance of ;i as f,x and ai‘x. That is,

Pux = E(p|x) and ai‘x = Var(u|x).

Transform from pu to
_ BT Hux

Oulx

z
Denote the pdf of the standard normal distribution as ¢(z). Then,

W= Z0pux F [ulx;
dp = oux dz, and

(16_#u\x)/0’u\x
Blaccept Holx) = / 216 — oz — 1) (=) dz
+/ (Uu\xz + luu\x - 16)90(2) dz
(16_Mu\x)/o—u\x
—16 00
= — / 2(0.32 4 0.022)p(2) dz + / (0.02z + 0.32))p(z) dz
o ~16

~ /OO (0.02z 4+ 0.32))¢(2) dz

—16
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~ E(0.02Z + 0.32) = 0.032,

because essentially the entire standard normal distribution lies in the interval
(—16, 00) and essentially none of the distribution lies in the interval
(—00, —16). The Bayes test rejects Hy if £; < 0.32 and accepts Hy if ¢; > 0.32.

A Matlab program to compute the integrals together with the program output
are listed below.

n=5;
xbar=16.4;
sigma2=.05"2;
nu=16;
tau2=0.002;

w=n*tau2/ (n*tau2+sigma?) ;
m=w*xbar+(1-w)*nu;

v2=(n/sigma2 + 1/tau2)”(-1);

v=sqrt (v2);

disp([’Conditional Mean and SD of mu are’])
disp([m v])

gl = inline(’2*(16-z*s-m) .*normpdf (z)’, ’z’,’s’,’m’
g2 = inline(’ (z*s+m-16) .*normpdf(z)’,’z’,’s’,’m’);
z0=(16-m) /v;

tol=1.e-10;

Integral_1=quadl(gl,-30,z0,tol, [],v,m)
Integral_2=quadl(g2,z0,30,tol, [],v,m)
Bayes_Loss = Integral_l+Integral_2

Conditional Mean and SD of mu are 16.3200 0.0200
Integral_1 = 5.6390e-67

Integral_2 0.3200

Bayes_Loss 0.3200

. Example, Problem 11-33 (with details): The goal is to conduct a Bayes Test of

Ho: p < % against Hy: p > % based on a random sample of size n from
Bern(p). The losses are

{(p,act) = 0 if the correct decision is made
¢(Hg, reject Hy) = ¢y, and
((H,, accept Hy) = ¢;.

The prior on p is Beta(a, 7). Using the results in example 1 on page 100 of
these notes, the posterior distribution of p conditional on x is

Beta(a + vy, 8+ n — y), where y is the observed number of successes on the n
Bernoulli trials.
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The Bayes losses are

B(reject Ho|x) = E,x [((p, reject Ho)]

_ / Opa—i-y—l(l . p>ﬁ+n—y—1
Ho B(Oé—i_yaﬁ—i_n_y)
0.5 , at+y—1 1— B4+n—y—1
_ ﬁo/ p* (1 —p) dp
o BlatyB+n-y)
=/ly x P(p <0.5|x) and
B(accept Hy|x) = E,x [((p, accept Hy)]
:/ glpaﬂ/_l(l _p>6+n—y—l
1 _aty—1 1— B+n—y—1
_ 61/ p* (1 —p) dp
0.5 B(a+y,ﬁ+n—y)
= gl X P(p > 05|X) .

dp

dp

The required probabilities can be computed using any computer routine that
calculates the CDF of a beta distribution.

fn=10,y=3, a="7, =3, {y = 3, {1 = 2, then the posterior distribution
of p is Beta(10, 10) and the Bayes Losses are
B(reject Hy|x) = 3P(W < 0.5) and B(accept Hy|x) = 2P(W > 0.5),

where W ~ Beta(10,10). This beta distribution is symmetric around 0.5 and,
therefore, each of the above probabilities is % The Bayes test is to accept Hy
because the Bayes loss is 1, whereas the Bayes loss for rejection is 1.5.
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Appendix A
GREEK ALPHABET

Name Lower Case Upper Case
Alpha Q A
Beta 15} B
Gamma v r
Delta 0 A
Epsilon € 0T € E
Zeta ¢ A
Eta n H
Theta 0 or v ©
Iota L 1
Kappa K K
Lambda A A
Mu 14 M
Nu v N
Xi £ =
Omicron 0 O
Pi s IT
Rho p or o P
Sigma oorg )y
Tau T T
Upsilon v T
Phi ¢ or P
Chi X X
Psi (0 v
Omega w Q
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Appendix B
ABBREVIATIONS

e BF: Bayes Factor. If H is a hypothesis and T is a sufficient statistic, then
BF — Posterior odds of H  P(H|T =t)/P(H|T=t)  fru(t|H)
~ Prioroddsof H P(H)/P(H?) e (t|He)

e CDF or cdf: Cumulative Distribution Function. If X is a random variable,
then
Fx(z) = P(X <7x)

is the cdf of X.

e CLT: Central Limit Theorem. If X7, X5,..., X, is a random sample of size n
from a population with mean px and variance 0%, then, the distribution of

7 :Y—MX
" Ux/\/ﬁ

converges to N(0,1) as n — oc.

e CRLB: Cramér-Rao Lower Bound. The CRLB is the lower bound on the
variance of an unbiased estimator of ¢g(#). The bound is
2]
6

LB =
CR I

where Iy is Fisher’s information.

e LR: Likelihood Ratio. When testing a simple null against a simple alternative,
the LR is
A~ fo(x)

- hx)
When testing a composite null against a composite alternative, the LR is

sup f(x|0)

o [ASISH

- sup f(x[0)’
[USCH

where Oy and O, are the parameter spaces under Hy and H,, respectively.
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APPENDIX B. ABBREVIATIONS

e LRT: Likelihood Ratio Test. The LRT of Hy versus H, is to reject Hg for small

values of the LR. The critical value is chosen so that the size of the test is a.

MGF or mgf: Moment Generating Function. If X is a random variable, then

’be(t) =FE (etX)
is the mgf of X.

MLE: Maximum Likelihood Estimator. Suppose that X;, Xs,..., X, is a
random sample from fy(x|@), where 0 is a k x 1 vector of parameters. A
maximum likelihood estimator of 8 is any value 0 that maximizes the
likelihood function and is a point in the parameter space or on the boundary
of the parameter space.

MSE: Mean Square Error. If T"is an estimator of a parameter, 8, then
MSE(0) = E(T — 6)* = 0% + bias®,
where bias = E(T — 0).

PDF or pdf: Probability Density Function. If X is a continuous random
variable, then

9 p(a) = fx(x)

dz
is the pdf of X.
PF or pf: Probability Function. If X is a discrete random variable, then
P(X = 2) = fx(2)
is the pf of X. The terms pf and pmf are interchangeable.
PGF or pgf: Probability Generating Function. If X is a random variable, then
nx(t) = E (t¥)
is the pgf of X. The pgf is most useful for discrete random variables.

PMF or pmf: Probability Mass Function. If X is a discrete random variable,
then

P(X =z) = fx(z)
is the pmf of X. The terms pmf and pf are interchangeable.

RV or rv: Random Variable.

UMP Test: Uniformly Most Powerful Test. A UMP test of Hy against H, is
most powerful regardless of the value of the parameter under Hy and H,.



Appendix C
PRACTICE EXAMS

C.1 Equation Sheet

Series and Limits

1— n+1
n 1 — gt - L if |r] <1
; - if r #1 ; L=r
> = - D= (oo if 7> 1
=1 n+1 ifr=1 i=1
undefined if r < —1
= Z_n(n+1) = i2_n(n+1)(2n+1)
1=1 2 1=1 6
"\ = (=),
b)" = S/ In(1 =— flel <1
(a+Db) ;(l)a n(l+e) ; — if |e]

In(l+¢e)=c+o(e)if ] <1
: a -1 n_ a a __ a
lim <1+g+0(n )) =e e _Z,—

n—oo

Distribution of Selected Sums & Expectations

X; ~iid Bern(§) = E(X;) =6; Var(X;) =0(1—0); and Y _X; ~ Bin(n,0)

i=1

1 1—-40
X; ~iid Geom(#) = E(X;) = g’ Var(X;) = ——

P and ZXi ~ NegBin(n, 6)

i=1

X; ~iid Poi(\) = E(X;) = ; Var(X;) = and Y _ X; ~ Poi(n))

i=1
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1 n
; and ZXZ- ~ Gamma(n, \)

1
X; ~iid EXpOIl(A) = E(XZ) = X; Var(Xi) = ﬁ’
1=1

k(1 - 6)
62

X; ~iid NegBin(k,0) = E(X;) = g; Var(X;) =

; and

Z X, ~ NegBin(nk, 0)

i=1

C.2 Exam 1

1. Suppose X ~ Gam(a, A);

xa—l )\ae—)\x

fx(LL’) = F(Oé)

](0700) (.:C),

where o > 0 and A > 0.

(a) Verify that the mgf of X is

w0 = (525)

(b) For what values of t does the mgf exist?

2. Suppose that Wi, ..., W, is a random sample of size n from Expon(\);

fw(w) = )\e_’\wf(o,oo) (w),

where A > 0. Use mgfs to obtain the distribution of Y = >"1" | W;. Hint: The
mgf of W can be obtained from question #1 because the exponential
distribution is a special case of the gamma distribution.

3. Suppose that X is a random variable with mgf
1
Ux(t) = —
(a) Give the pdf of X.
(b) Derive an expression for E(X"); r=0,1,2,....

4. Suppose that X ~ N(ux,0%); Y ~ N(uy,o%); and that X 1 Y. The mgf of X
is

t2o%
Vx(t) = exp {tux t } :
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(a) Verify that E(X) = ux and that Var(X) = o%.
(b) Prove that X —Y ~ N(ux — puy, 0% + o).
5. Suppose that X ~ LogN(u,o?). Compute

Pr (e” <X < e’””) .

6. Let Wi fori=1,...,nand X; for i = 1,...,m be iid random variables, each
with distribution N(0, 02).

(a) Give the distribution of
n W 2
U= — .
% (%)

Justify your answer. Hint: First give the distribution of W;/o.
(b) Give the distribution of

>z
i=1
>
=1

Justify your answer.

7. Suppose that X; is a random sample of size n from an infinite sized population
having mean u and variance 0. Let X be the sample mean.

(a) Verify that E(X) = u
(b) Verify that Var(X) = o%/n.
(c) Let S? be the sample variance;

n

1 — 1 u —2
S2=n_1Z(XZ-—X)2:n_1 [ZXf—nX].
=1

1=1

Verify that E(S?) = o2.

C.3 Exam 2

1. Suppose that X;, X, ..., X, is a random sample of size n from fx(z|a, 3),
where
af”

f(ala 0) = ST (o)

where @ > 0 and 3 > 0 are unknown parameters. This distribution is called
the Pareto(«, 3) distribution.
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(a) Find a two dimensional sufficient statistic.
(b) Verify that the pdf of X(yy is Pareto(na, 3). That is,

naﬂna
fxo (@], B) = Wf(ﬁ,oo)(ff)-

(c¢) The joint sampling distribution of the sufficient statistics can be studied
using simulation. Let Uy, Us, ..., U, be a random sample from Unif(0, 1).
Show how U; can be transformed into a random variable having a
Pareto(«, 3) distribution.

2. Suppose that X ~ Gamma(a, A), where A is known.

(a) Verify that the distribution of X belongs to the exponential family.

(b) Let Xy, X5, ..., X, be arandom sample from the Gamma(a, \)
distribution, where \ is known. Use the results from part (a) to find a
sufficient statistic.

(c) Give the likelihood function that corresponds to part (b).

3. Consider the problem of making inferences about 6, the parameter of a
geometric distribution. Let X, X5, ..., X, be a random sample from
fxje(x|0), where

fx|@(.§(7|6> = 9(1 — 9):2—1[{1727'”} (JZ‘)

(a) Verify that T'= """ | X, is a sufficient statistic.

(b) Verify that the conditional distribution P(X = x|T" = t) does not depend
on 6.

(c) Suppose that the investigator’s prior beliefs about © can be summarized
as © ~ Beta(a, 3). Find the posterior distribution of © and find the
expectation of © conditional on T' = t.

(d) Let Zy, Zs, ..., Z be a sequence of future Geom(f) random variables and
let Y = Zle Z;. Find the posterior predictive distribution of Y given T'.
That is, find fyr(y|t).

4. Let X, Xs, ..., X, be arandom sample of size n from a distribution having
mean 1, variance o2. Define Z,, as

>

_ Xy
o/vn’

(a) State the central limit theorem.

(b) Verify that

Zn

~ Zr X, —
Z, =Y U, where Uy = “= and 7; = = F,
— Vn o
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(c) Assume that X has a moment generating function. Verify that
bz, (t) = [Pu, ()"

(d) Verify that the mean and variance of U; are 0 and n™', respectively.

(e) Complete the proof of the central limit theorem.

C.4 Exam 3

1. Let X be a random variable; let h(X) be a non-negative function whose
expectation exists; and let £ be any positive number. Chebyshev’s inequality
reveals that

PH(X) 2 & < 2P
or, equivalently, that
Ph(X) <k| > 1—%.

(a) Define what it means for an estimator 7,, to be consistent for a
parameter 6.

(b) Use Chebyshev’s inequality to verify that

prob

lim MSEr,(#) =0= T, — 6.
2. Suppose that X, Xs,..., X, is a random sample from Bern(6).

(a) Give the likelihood function.
(b) Find a sufficient statistic.
(c) Verify that the score function is

27-1_1 Xz —nb
SOX) == —_—
(01X) 01—0)
(d) Derive the MLE of 6.

0
f) Derive Fisher’s information.
(g) Verify or refute the claim that the MLE of € is the minimum variance
unbiased estimator of 6.

)
(e) Derive the MLE of 1
(f)

)

3. Suppose that X; ~iid Expon(A) for i =1,...,n. It can be shown that
Y =>"" | X, is sufficient and that Y ~ Gamma(n, \).

(a) Derive the moment generating function of @ = 2AY"" | X; and verify
that () is a pivotal quantity. Use the moment generating function of @) to
determine its distribution.
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(b) Use @ to find a 100(1 — )% confidence interval for A.

4. Suppose that Xy, Xy, ..., X, is a random sample from fx(z|@), where
fx(x]0) = 02° "1 11)(x) and 6 > 0.
(a) Verify or refute the claim that the distribution of X belongs to the

exponential class.

(b) Find the most powerful test of Hy: 6 = 6y versus H,: 6 = 6,, where
ea > 90.

(¢) Find the most uniformly powerful test of Hy: 6 = 6, versus H,: 6 > 0.

(d) Suppose that the investigator’s prior beliefs about 6 can be summarized
as © ~ Gamma(a, \). Find the posterior distribution of ©. Hint: write

x; as x; = e,

(e) Find the Bayes estimator of 6 based on a squared error loss function.



